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C^^ , This paper is a continuation of our previous paper [7]. For simple complex Lie groups 

with non-trivial center i.e. classical simply-connected groups, Eq and E-^ we consider ellip- 
tic Modified Calogero-Moser systems corresponding to the Higgs bundles with an arbitrary 
characteristic class. These systems are generalization of the classical Calogero-Moser (CM) 
systems related to a simple Lie groups and contain CM systems related to some (unbro- 

^^ ' ken) subalgebras. For all algebras we construct a special basis, corresponding to non-trivial 

characteristic classes, the explicit forms of Lax operators and Hamiltonians. 
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1 Introduction 

This paper is a continuation of our previous paper [?]• Here we consider concrete implementation 
of the generic formulae for all simple groups with a non-trivial center. In particular, we find the 
structure of the unbroken Lie subalgebras go (see Table I in [7j ) . We refer the formulae from [7] 
with a number I. The information about roots, weights and so on was taken from [HH]- 
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2 SL(A^, C) - the root system A^-i 

Roots and weights. 

For the An, {n = N - 1) root system we have two groups G = SL(iV,C), C"^ = PSL(iV,C). 
Choose the Cartan subalgebra i^ C g as an subalgebra of traceless diagonal matrices. Then i^ 
can be identify with the hyperplane in C^ i^ = { x = {xi, . . . , xn) £ C^ | J2j=i Xj = 0}. The 
simple roots 11 = {a^} = {ai = ei — 62 . . . , Qat-i = e^-i — ej\[} form a basis in the dual space 
S)*. Here {ej} j = 1, . . . , N is a canonical basis in C . The vectors Cj generate the set of roots 
R = { {ej — Cfc) , j 7^ A; } of type ^tv-i- The minimal root is 

ao = - ^ afc = eAT - ei . (2.1) 

aen 

It defines the extended Dynkin diagram 




ai 02 an 

Fig. 1 : A„ and action of A7V-1 



Since the half-sum of positive roots is p = 2 (-^ ~ 1,A^ — 3, ...,3 — A^, 1 — A^) and h = N, 
AC = £ = 2^(A^ - 1, iV - 3, . . . , 3 - iV, 1 - iV). For Q = efc - e^+a the level (A.3.I) /„ = a and 

{K,a)=a/N (2.2) 

(see (A.14.I)). 



We identify i^* and i^ by means of the standard metric on C . Then the coroot system 
coincides with R, and the coroot lattice Q^ coincides with Q 



Q = {/^ ''^j^j Irrij ^ Z , y^ rrij = 0} 



(2.3) 



The fundamental weights zuk, {k = 1, . . . ,N — 1), dual to the basis of simple roots 11^ ~ 11 
(rofc(a^) = 5kj), are 



N 



■CD2 



'N-l 1 



1 



- AT ' AT) • • • ) N ' 
'N-2 N-2 2 



AT ' TV ' • • • ' N ' 
1 1 l-Af^ 



(2.4) 



Wj = ei + ... + ej-—^ei, 

I, rojV-1 — {jj, TV, • • • , — w^J • 

In the basis of simple roots the fundamental weights are 

Wfc = ^[(^ - k)ai + 2(7V - k)a2 + ...{k- 1){N - k)ak-i 

+k{N - k)ak + k{N -k- l)afc+i + . . . + kaN-i] ■ 

Similar to the roots and coroots we identify the fundamental weights and the fundamental 
coweights. They generate the weight (coweight) lattice 

^ 1 

P C S^ , P = {/^ niwi \ni ^ Z} , oi P = {N^ 'tt-jCj , rrij G — Z , rrij — nih G Z} . (2-5) 



i=i 



or 



N 



P = Q + Zwn-i , (t^Af-l 



-CN 



^E'^) 



(2.6) 



i=i 



Transition matrices. 

The factor-group P"^ /Q^ ~ P/Q is isomorphic to the center Z{S1^{N, C)) ~ iin- It is generated 
by C = exp27riti7Tv_i. Following Proposition 3.1.1 define Aat-i and its action on the extended 
Dynkin diagram. Consider the fundamental alcove (A. 17. 1). It follows from (j2.ip that 

Calc = {0, tXXi,. . . ,WN-l} ■ 

Thus, any fundamental weight generates a nontrivial A. For ^ = wn^i in (3.10.1) we find the 
corresponding transformation 



Aat-i : ej -> e^+i , (a^ -> a/c+i) 



(2.7) 



The action of Aat-i on n^^ is presented on Fig.l. It means that in the canonical basis in C 
Aat-1 acts as the permutation matrix 



N 



/ 1 ... \ 
1 ... 



A = c 




VI 



1 
0/ 



1, 



A^ = 2m + 1 



exp ^1 , AT = 2m 



(2. 



Evidently, that A G SL(A^, C) and A^ ~ Id. On the other hand 

Q = e(K) = diag(e(^^^),e(^^^),...,e(^i^)), (e(x) = exp (27rix)) . (2.9) 

Thus, 

[A,Q]=C, C = uJ-Id, uj = e{l/N), 

and C is an obstruction to hft a PSL(A^, C)-bundle to a SL(A^, C)-bundle. Since Ker {Xjy^i — 
l)|f) = io = (see Proposition 3.1.1) the moduh space is empty set (see (3.29.1) and (3.32.1)). 

Consider another extreme case when ^ hes in the root lattice Q. Then A = Id and Sj £ KerA. 
Since [A, Q] = Id, the bundles have a trivial characteristic class. 

Consider an intermediate case and assume that A^ has nontrivial divisors N = pi, (I ^ 1, N). 
It can be found that 

ujj -^ \j : Cfc -^ ek+N~j ■ (2-10) 

Then there exists a sublattice Pi = Q + 'Lvjjq^p , Q C Pi C P , such that P/Pi ^ Hi- It 
follows from (|2.10p that \n-p '■ e.j — )• Cj+p. Therefore, A^^p is equal the p-th degree of ()2.8p 
(A^ = Id) For Qp = e{vjN-p) = (jJ^Id , [oo^ = 1) (3.3.1) takes the form 

[AN-p,Q]=u:P-IdN, (2.11) 



where Q is UM- 

Define the factor group Gi 

1^/x; ^SL(A^,C)^Gi^l. (2.12) 

It has the center Z{Gi) ~ /Xp = Z/pZ. Therefore, 

l^ Hp^Gi^ PSL(A^, C) ^ 1 . 

The sublattice Pi is isomorphic the group of cocharcters t{Gi) (A. 43. 1)0 

For the dual group Gi = Gp we have the similar exact sequences, where the role of / and p 
are changed 

1 ^ /ip ^ SL(Af, C) ^ Gp ^ 1 , 

1 ^ /ii ^ Gp ^ PSL(Af, C) ^ 1 . (2.13) 

It follows from ()2.12p and ()2.13p that the cocycle H'^{Tir,m) is obstruction to lift Gj-bundles to 
SL(A^, C) bundles or to hft PSL(Ar, C)-bundles to Gp =^ Grbundles. 

Bases 

Sin-basis. 

Consider the case ^ = exp(27ritJ77v-i)- Therefore A is ()2.8p and all it orbits in R have the same 
length A^. The number of orbits is A^ — 1. In other words '^R = N[N — 1). Let us take the root 
subspaces Ei^a (a / 1) as representatives of orbits in the space £. Then the basis (5.4.1) in £ is 

1 ^ 
^^ = 7^E^"'^i+™.-+™' c = (0,...,Ar-l), a;^ = l. 

m=l 



In particular, 



/o 



t^ 



1 







w 



2c 



UJ 






(Af-l)c 





V 1 

There is only one orbit in the Cartan subalgebra i^ under the action of Ajv-i 



/ 



ei 



62 -^ 63,-^ . ..,eAr, 



For the ^iv-i roots it is convenient to pass to the canonical over-complete basis (ei, 62, 
Then the basis (5.33.1) on ^ is 



,eArj 



m=0 



W em+1 



1 



diag(l,a;^, 



,w 



(N-l)c 



), (c=l,...,iV-l) 



Essentially, (t^, \)'^) form a basis of the sin-algebra [2]. 

If A^ is a primitive number then the center 2^(SL(A^, C)) = ^n has not nontrivial subgroups. 
Therefore, one can put in (3.9.1) ^ ^ P. This case leads to the sin-basis. Another options is 
S, € Q. In this case X = Id and we come to the Chevalley basis (see Remark 5.1.1). 

Generalized Sin-Basis in SL(A^, C). 

Let N = pi and ^ = WN-p generates A^v-p = A^. All orbits of //; have the length /. In the space 
of bases £ = {Ej^ , j ^ k there are p{N — 1) orbits passing through the matrices 



Es,s+a, {s = l,... ,p, a = l,...,N , {modN)). 
The off-diagonal basis is 



s,k 



l-l 



-{-Tnp,s+k+mp ■ 



UJ 



N 



1, 



(2.14) 



(2.15) 



m=0 



c = 0,...,l-l,s = l,...,p,k = l,...,N- l,{modN)). 
The pairing in this basis (5.8.1) assumes the form 

K,k^ t,j) = ^fe,-,<5('^'-'''"°'^')5(.,+fc,.,+.p)a;^P^ , is, + k-S2 = rp) . 
Let (ei, . . . , cn) be the canonical basis in ^. There are p orbits of length I 



(2.16) 



ei = ei + ep+i + ... + e(i_i)p+i 

62 = 62 + ep+2 + . . . + e(i_i)p+2 
6p — Cp + C2p + . . . + dip ■ 

Let i^o C i^ be a Cartan subalgebra 



y^ = {a = ^Ujej| Y^ 



Un 



0}. 



J=l 



i=i 



with the basis of simple coroots 

It" = {aX = ek - h+i} . (2.17) 

The simple roots 

n = {afc = -j{ek -Cfc+i)} 

along with 11^ generate Ap-i type Cartan matrix Ujk = {a]j,ak)- The simple coroots and the 

subspaces 

i-i 

Ei,a = ^ Ei+rnp,i+a+mp , {I < i < P , a = ±1, ±2, . . . ± {p - I)) (2.18) 

m=0 

form the Chevalley basis in the invariant subalgebra go = sl(p, C) (see Proposition 5.1). 
It follows from ()2.15p that the basis (5.29.1) in the space V (5.30.1) takes the form 

1 '"^ 

V = Ka = 77 E Es+mp,s+a+mp , (l < S < p , p < a < N)} . (2.19) 

V ' m=0 

Together with Qq, V forms the invariant subalgebra 

00 = 00 = si(p, c) e . . . e si{p, c) e(c e . . . e c) 

^ V ' ^ V ' 

I l-l 

Its structure is obtained from 11*^^* by dropping / roots (op, . . . , a(;_i)p,ao)- This procedure 
defines an automorphism of 0yiiv_i of order I = N/p. 
The Killing form in Qq is 

(efc,ej) = I5kj , (Ei^ajEj^b) = I6a-b5i+a,j , (modp) (2.20) 

and commutation relations 

[Cfc;-C/i,aJ ^ [Oi^k Oi—k+a,0modp)^i,a i 

[^i,a) ^j,bl ^ "i+a,j raodp^i,a+b ^i,j+bm,odp^j,a+b i \P 7^ P '^j i 
\.^i,a': ^i+a,p~a\ — Cj Ej . 

The basis in S^ is generated by Cj and by 

1 '"^ 
'^i = 77E^"'''^J+-P' c=l,. ..,/-!, j = l,...,p (2.21) 

with the pairing 

The subspace 0c in (5.1.1) is formed by the basis {f)^ ^n\\\ , t^ „ (i2T5]l , c / 0}. 
The general commutation relations in this basis 

[^i^h,a\ = '^J,*^i,a ~ ^i,j+b{modp)^j,b ' (2.24) 



The Lax operators and the Hamihonians. 

Trivial bundles 

For trivial bundles ^ €z Q, A = Id and Sj C KerA. One can consider trivial SL(A^, C) or 
PSL(A^, C) bundles. They differ by their moduli spaces (3.21.1) or (3.22.1). At the case at hand 
they assume the following form. Let 

C+ = {U € C^ \ui > U2 > . . . > un} 

be a positive Weyl chamber (A. 8. 1). Then (3.21.1) and (3.22.1) take the form 

C = {u € C'^ I Uj ~ Uj + THj + rrij , nj,mj G Z , N^ rij = N^ rrij = 0} . (2.26) 



1 



C^"^^ = {u G C"^ I nj,mj G —Z , n^ - n^ G Z , ruj - ruk e Z } . (2.27) 

The Lax operator is the SL(A^), (or PSL(A^)) and the Hamiltonian CM system are well-known 

[3 El [12] 

N 

^^SL(N) = X](^J + ^i^^i + Y^ Sjk^{uk - Uj,z)Ejk , 

j=l j^k 

Nontrivial bundles 

Define a moduli space of bundles with characteristic class u^ ()2.1ip . Evidently, 
Sj = Ker{A]\f-p — 1)1^ • Let Q^ C Q be an invariant coroot lattice in Sjq C sl(p, C) 

p p 

3=1 3=1 

generated by the simple coroots (|2.17|) . It is an invariant sublattice of Q^ with respect to the 
Aat-p action. 

The fundamental coweights ((roV a^) = Sjk) 

^r = 2^ei-le2-...ie,, 
-2" = ^ei + 2^e2-...-|e,, 



vj)!, = -e^ + -eo + . . . — -(in 
p p '- ' p ^ ' p p 

form a basis in the coweight lattice 

p 1 p 



P'^ = {7 = /. ''^3^3 ' '^i ^ ~^ ' y. Uj = , Uj — Uk £ Z} . 

It is an invariant sublattice of P^ 



P 



Let Vl^ is a permutation group of ei, . . . , e^. It is a Weyl group of i?(n). Define the semidirect 
products (3.28.1), (3.31.1) 

Wbs = Wk {TQ^t + Q)[) , Wg's = W^ {tP^ + P,^) . 

The moduh space is defined as in (3.29.1), (3.31.1) 

C(^) *"= = ^/Wbs , C'(') ""^ = hlWfs ■ (2-28) 

Thus, for 

p V 

C^''^^ : Uj ~ Uj + TTUj + rij , nj,mj G Z , \^ rij = y^ rrij = , 

C^ ''^ : Uj r^ Uj + rnij + rij , nj,mj G — Z , 

p p 

^ rij = >^ nij = , nj — nfc G Z , mj — m^ G Z . 
i=i i=i 

Define u G i^ such that 

Ui = Us '\i i = s -\- mp . (2.29) 

It means that u £ Sjq, and ti = Yl^=i "^i^i- The Lax operator L = Lq + L'q + X]a=i La (6.16.1), 
(6.17.1), (6.18.1) takes the form, (see 



and for 



p N 

La{z) = Y, 5^0(f ^)(l" + E SlMzk/N^iu^+k -u, + Tk/N + J, z)tl, , 

j=l i,k=l 

V 

Lo{z) = '^ivi + SiEi{z))ei + E Si^k(i{zk/N)(t){ui+k -Ui + rk/N, z)Ei^k , 

i=l i,k 

L'oiz) = Y, Slkeizk/N)<Piu,+k -u^ + rk/N, z)t°, . (2.30) 

i,k 

To come to an integrable system impose the moment constraints Sf = (i = 1 , . . . , p) 
and the gauge fixing constraints. The calculation of the quadratic Hamiltonian is based on the 
pairing relations ()2.16p . ()2.22p . ()2.20p . Using (5.1.1) and (I2.16P we come to the Hamiltonian 

[l/2\ 

H = Hq + Hq + 2_^ Hk ■ 

k=l 

Here Hq is the sl(p) Calogero-Moser Hamiltonian 

p p p— 1 

.2 



/I __ \ 

^O^^i^^^i -^^Si^kSi+k-kE2{Ui -Ui+k)) ■ 
i=l i=l k=l 

For Ha and Hq we have 

p N 

2 



^ P N 
^0 = ~oYl Yl ^i,kSi+k+rp~kE2{Ui+k-Ui+Tk/N), 



i=l k=p+l 



p N 

s=l k=l 

These Hamiltonians and the corresponding Lax operators were obtained in [8]. The basis, used 
there is not the GS basis. The corresponding Hamiltonians describe p interacting EA tops 
with inertia tensors depending on u. This interpretation is specific for SL(A^, C) {N = pi). In 
particular, if ^ = wn-i, -^o = and we deal with the sin-basis. The corresponding bundle has 
no moduli {p = 1, I = N). The invariant Hamiltonian Hq = and H'q, Ha describe the so-called 
the Elliptic top [Qdl]. 

3 SO(2n + 1) , Spin(2n + 1) , B^ root system. 

Roots and weights. 

For the Lie algebra B„ the universal covering group G is Spin(2n + 1) and C^^ =S0(2n + 1). 
The simple roots of Bn are 

^Bn = {«j = ej - Cj+i , j = 1, . . . , n - 1 , Q„ = e„} ., (3.1) 

and the minimal root is 

ao = -ei - 62 = -{ai + 2a2 + . . . + 2a„) . (3.2) 



ai-i Oil 



Fig . 2 : B„ and action of Ai 

The root system Rb„ contains 2n short roots ztcj {j = 1, . . . n) and 2n{n — 1) long roots 
{ej lb efc) (j 7^ k). The positive roots are 

R+ = {{ej ±ek), ij > k), Cj , {j,k = 1, . . . ,n)} . (3.3) 

The Weyl group of Rb„ is the semi-direct product of the permutation group 5„ acting on Cj 
and the signs changing ej — >• —Cj 

The coroot basis Ha in S^b„ is formed by simple roots of the dual system 

n^,^ = Uc„ = {aj = ej - ej+i , j = 1, . . . , n - 1 , a„ = 2en} ■ (3.5) 

n^ generates the coroot lattice 

n n 

Qb„ = Qc„ = {7 = Y1 ^i^J I JZ ^J ^^ ^^^'^^ • ('^•^) 




The half-sum of positive coroots is p^ = ne2 + (n — l)e2 + . . . + 2en-i + e„, and since h = 2n 

^B^ = P/h = \e, + {\- ^)e, + ... + -e„_i + i^e.) . (3.7) 

The dual to H^^ the system of the fundamental coweights takes the form 

{w) = 61 + 62 + ... + ej , j = l,...,n} . 
It generates the coweight lattice 

n 

Pt =PCn={l = Yl "^^-^J- I "^^- ^ ^} • (3.8) 

The factor group Pg /Q^ ~ /X2 is isomorphic to the center of Spin{2n + 1). The center 
is generated by the coweight Wi {C = e(ti7^)). It follows from (A. 17.1) and (j3.2p that the 
fundamental alcove has the vertices 

^alc = (,U, Wi , -W2 , . . . , -ro„ j . 

We use this expression to find Ai corresponding to ^ = w\: (3.10.1) 

Ai : (ei -^ -ei , e^ -)> e^ , (j = 2, . . . , n)) . (3.9) 

It acts on n^* as 

tin 

Ai : (ai -^ ao , a^ -^ aj , (j = 2, . . . , n)) . 
It is clear that Jq = •^b„_i and the moduli vector is u = {u2, ■ ■ ■ , Un)- 

Bases. 

The Chevalley basis 

The Chevalley basis in g^^ is generated by the simple coroots 11^ = n^^ p.ip in i^B„ and 
by the root subspaces. To describe the Chevalley basis for the classical groups we use their 
fundamental representations. For gs„ it is a fundamental representation vri corresponding to 
the weight wi = ei. It has dimension 2n + 1. g^^ becomes the Lie algebra of matrices of order 
2n + 1 satisfying the constraints 



Zq + qZ'^ = , 



where q in the bilinear form 



and J is an n-th order anti-diagonal matrix 




J 



1 

10 



(3.10) 



A 


a 


B 


/3^ 







C 


-/3 


-A 



Then Z takes the form 

Z=l f3'^' -a'' I , B = B,C = C, X = JX' J , (3.11) 

\ C -P -A J 

a = (ai,...,a„), /3 = (/3i, . . . ,/3„) , d = a J . 

The basis in :P)b„ is generated by the canonical basis (ei, . . . ,en)- Then the canonical basis 
in ■Ki{S)) is 

diag(ei,...,en,0, -Cn,... ,-ei). 

The root subspaces in tti are 

(Cj - efc) , j^k^ 6T^, = (^j- fc G ^ - £;2n+2-fc,2n+2-j (^ A , A) , (3.12) 

j < k ^ (positive roots) , j > k ^ (negative roots) , 

[Cj + efc) , — ;> (S^.^ = (E'j^fc+n+l — En+i-k,2n+2-j) ^ B ,C , 

Cj ,-;> (S+ = V2{Ej^n+i - En+i.2n+2~j) S o , (positive roots) , 

-Cj ,-^ <5J = V2{En+ij - E2n+2-j,n+i) G P , (negative roots) . 
The levels of positive roots are 

/ej-efc = k- j , fej=n-j + l, fe.+e^ = 2n - k - j + 22n . (3.13) 

The Killing form normalized as in (A. 24. 1), (A. 25. 1) takes the form 

{Zi,Z2) = hrZiZ2. (3.14) 

Then 

{(S%,<Sfi) = 5H5,i, {&j,e^) = 26jk- (3.15) 

The GS-basis 

The Weyl transformation Ai in this basis is represented by the matrix 

/ 1 

Ai = -Id2n-l 

\1 

Taking into account its action on Z (j3.1ip we find that Hi = IlBn-i ^^^ n^ = 11^ . Then 

QBn = Qo + Qi, 00 = 00 + ^ , 00 = 0B„_i , 

dim 0B„_, = (n- l)(2n- 1), dim F = 2(n - 1) + 1 , dim 31 = 2(n - 1) + 2 , 

where V is the vector representation of 30 = so(2n— 1). The invariant subalgebra go is isomorphic 
to so(2n). Its Dynkin diagram is obtained from 11^* by dropping out the root q„ [5J. 



11 



The space T^ + 0i is represented by matrices of the form 

(a X a y \ 

{z)J -{y)J 

p -a 

{w)J -{x)J 

\ —w —(3 —z —a ) 

Since go is generated by a trivial orbit (Z = 1), the GS-basis is formed by the Chevalley basis in 
0B„_i (|3.12p and the GS generators in F + 31. 



V 



tj+n+1,1 = :^(-E'i+n+l,l + ^i+n+l,2n+l 










tl,n+l = (-^l,n+l + -E'2n+l,n+l -•••)' 



^l.fc = 71 (■^l-'^ ~ ^2n+l,k - ■■■) 
*n+l,l = -^{En+l,! - En+l,2n+l " 

[ f)i = V2diag(ei,0...,0-ei) 
From (5.9.1) (5.35.1) and ()3.14p we find the dual basis 

1 



\n+l+k — :^(-^l,n+l+fc ~ E2n+l,n+U 



Me, 



l,n+l = 75( 



S, 



'j,2n+l 



t|„_Li — ^^(i?l,n+l — ^2n+l,n+l 



and 



'^jk ~ ^kj ^ j or k ^ n + 1 , S^i — i}i , 1n+l,l — '^h,n+l > '^l,n+l — 9 Wi,i • 



(iii,t^i)-| 25(-^)5(,,) i = n + l, ^"^I'lli^-^- 



(3.16) 
(3.17) 



■), 



The LcLx operators and the Hamiltonians 

Trivial bundles. 

For trivial bundles the moduli space is described by the vector u = (ui, . . . ,Un)- For a trivial 
G = Spin{2n + l)-bundles it means that 



u e i^sjW-B^ K (rQ^ © Q^) , 
where Wb„ is defined in (j3.4p . For trivial SO{2n + l)-bundles we have 

u£SJbJWb„ k(tP^©PV). 



(3.18) 



(3.19) 



The dual variables v = {vi, . . . ,Vn) Vj £ C are the same in the both cases. The standard CM 
Lax operator in the Chevalley basis is 



^fif (^) = E(^J + So,jEiiz))^j + Y, SjkHuj - uk,z)(5j, 



(3.20) 



j=i 



j^k 



+ Yl Sj,^k4>{uj + Uk, z)6+fc + Y, Sf<P{uj,z)<5f , 
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where €j = diag(0, ...,1,0,...,0,— 1,0,...,0). The quadratic Hamihonian after the reduction 
with respect to the Cartan subgroup takes the form (see (j3.15p ) 

1 " 1 

Hb^^ = 2 ^ ^^^ ~ 2 ^'^'^^3^^^3^'^^'^i ~ ^'^) + Sj^^kSk-jE2{uj + Uk)) - ^ S^SjE2{uj,z) . 
j=i j-tk j 

(3.21) 
Thus, we have two types of the standard CM systems with the same Hamiltonians and different 
configuration spaces described by (jS.lSp and ()3.19p . 

Nontrivial bundles 

The GS-basis is described above. Now ti = (^2,^3, • • • , n„) belongs to S^b^-i ■ Iii feet, ti belongs 
to one of fundamental domains in S^b^-i (|3.18p . ()3.19p under the action of the coweight and the 
coroot lattices. Taking into account ()3.13p and h = 2n we find from the general prescription 

Li(z) = Sl^l, z)l^\ + Si^,^,e (£)0(i±I, z)ti,„+i + Sl^^.e (-£)</,(i±I, z)ti^,_^+ 

k=2 

r,i ,2n + 1 - A; , ,,(2n + l- A:)r 1 ,1 

+Sn+i+k,ie ( — Z)(t){ — Uk + -, Z)ii^n+l+k 

1 ^n + l-k {2n + l-k)T , 1 1 

L'oiz) = S'^^i^iB (-)</>(-, 2)t?^„+i + Sl^+iB (--)<^(--, ^;)t°+i,i+ 

fc=2 

, 2n + l-k {2n + l-k)T q 

' 2n 2n - ■ -r 

2n + 1 - fc (2n + 1 - fc)r . \ 
+^i,n+i+fce( — z)(l){uk — ,z)tl^) . 

The Lax operator L(){z) coincides with (j3.20p after the corresponding replacement of indices. 
Taking into account the pairing (j3.17p after the reduction we come to the Hamiltonian 

H = H^^^ +H' + Hi, 

-H' = S'^_^_^iS[.^j^iE2{-) + -22[^k,lSl,kE2iUk — )+'S'n+H-fc,l'S'l,n+l+A:^2( — Uk] 

k=2 



^' ^\+,E2i'-±^)+'-iSlfE2{l] 



-Hi = Sl,+,,S'E2i^) + -iSlfE2{-)+ 



ik-l)r 1, , ^, ^, ^,(2n + l-fc)r 1, 



2Z^y^k,iSi^kE2{uk — -) + 5'.^+i+fc_i5'i „+i+fc£'2( 



Uk- :: ■ 



2n 2- 

k=2 

Again, we have two types of systems with the same Hamiltonians and different configuration 
spaces described by ()3.18p and ()3.19p . where ui is omitted. 
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4 Sp(n) - Cn root system. 

Roots, weights and bases. 

The algebra Lie qc^ has rank n and dim(gc^) = 2n^ + n. The system of simple roots IIc^ is 
defined in ()3.5p . The minimal root is 

n-l 

- ao = 2ei = 2'^aj + an- (4.1) 

There are 2re long roots 2e±j and 2n(n — 1) short roots ±ej ±ek, j ^ k. The Weyl group Wc„ 
of R{Cn) coincides with Wb^ <^M- 

The levels of positive roots (A. 3. 1) are 

/e,_e, =k-j, /2e, = 2n - 2j + 1 , /e^,+e, = 2n - fc - j + 1 . (4.2) 

The simple coroots 11^ = IIb„ (|3.1|) generates the coroot lattice 

n 

Since/f3^^ = (n — i)ei + (n — |)e2 + . . . + |en_i + ^e„, and h = 2n 

nc. = p/h = {\- i^)e, + {\ - A)e2 + . . . + |^e„_i + i^e. . (4.4) 

The dual to Tic„ the system of the fundamental coweights takes the form 

1 " 

{tuj = ei + 62 + . . . + Cj , j = 1, . . . , n - 1 , ro^ = - ^ ej} . 

i=i 
It generates the coweight lattice 

^c„ = {7 = EZe,+Z(if;e,)}. (4.5) 

The factor-group P^ /Qc ~ ^2 is isomorphic to the center of Sp{n). The center is generated 
by the coweight tz7^ (C = ^ (^n))- It follows from (A. 17.1) and (|4.ip that the fundamental alcove 
has the vertices 

Calc = (0, -1^1, . . . , -w'^-i,^n) • 

We use this expression to find A„ corresponding to ^ = tu^ (3.10.1). A^ acts on the vertices of 
Calc and, in this way, on tjjV as 

A„ : {-uj^ ^ ro.)(_i , w^ o n7^_2 , . . . , ro^ o 0) . 

Then its action on 11??* assumes the form 

Xn ■■ (ao O On , 02 ^ ^71-2 ,...«« O Oq, ) • 

The action of A^ on the canonical basis (ei, 62, ... , Cn) takes the form 

Xn ■■ (ei O -Cn , 62 o -e^-i ,...). (4.6) 
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If u = Y2i'^j^jj then A^ : (ui ^ —Un ,U2 -H- — n„„i ,...). We define the invariant vector u in 



the invariant basis ei = ei — e„ , 62 = 62 — e„_i , . . . ,ei = ei — e;+i, / 

5=1 



(4.7) 




x> 



-o 



o 



Fig.3 C„ and A„ action 



-o^ 



=0 



an-1 



a. 



Bases. 

The Chevalley basis 

The ChevaUey basis in qc„ is generated by the simple coroots 11^ = Hsn f|3-ip in Sj and by the 
root subspaces. It is convenient to define the Chevalley basis using a fundamental representation 
TTi corresponding to the weight wi = ei. It has dimension 2n. We define it as the Lie algebra 
of matrices {Z} satisfying the constraints 



7T 



Zq + qZ^ =0, Z G vri 



where q in the bilinear form 



q 



J 
-J 



and J is an n-th order anti-diagonal matrix (j3.10p . Then Z takes the form 
Z=[ ^ fjj' B = B,C = C, X = JX^J. 



(4.8) 



The basis in S^c„ is generated by the canonical basis (ei, . . . , e^). Then the canonical basis in 
vri(iD) is 

diag(ei,... ,en,-en,... ,-ei) . 
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The Killing form is similar to the Bn case ()3.14p (Zi, Z2) = gtr Z1Z2. 
The root subspaces in vri are 

{Cj - Ck) ^ <5~,^ = {Ej^k ^ A- E2n+l-k,2n+l-j ^ A),, 
{Cj + Cfc) — ^ 6^.^ = {Ej^k^n ^ B + En+l-k,2n+l-j G C) , 

j < k ^ (positive roots) , j > k ^ (negative roots) 
2ej — ;■ 0^ = Ejj^n £ B , (positive roots) , — 2ej — ;■ (5J = Ej^n.j G C* (negative roots) . 
The Killing form in this basis is 

{^%Ml) = ^k^6,u (6+,6-) = ^5,fc. (4.10) 

The GS-basis 

The transformation A^ ()4.6p in vri takes the form 

^.-il. "*■). A„,z)^(-i ^) ,4.n) 

Since A^ = Id 

where 

So = 



ild„ / ' "' ' ISA 



Sc„=0o + 0i, (4.12) 



X Y \ \ X = -X \^ -If ^ Y \ \ X = X 

Y x) I Y = Y J' ^^"IV-^" -X ) I y = y 
Bo = S. + V, 6o = {(^ »)}, F = {(° ^)}, (4.13) 

dim Qc„ = n{2n + 1) , dim go = 7t'^("' — 1) ) dim V = -n{n + 1) , dim gi = n{n + 1) . 

A type of 3o depends on a parity of n. Note, that Hi = j4„_i (??) is generated by roots 
(«!,... ,«„-!)• Let XnlfjA ~ ■^- ^^ prove general Lemma about automorphisms of 0yi„_i 
that will be applied to C„ and Dn algebras. Let (ei, . . . , e„) be a canonical basis in S^a^-i and 
-E-j^fc, (1 < J < A; < n) is the root basis 0a„_i =sl(n,C). It follows from ()4.6p and ()4.1ip that 
the action of A on the Chevalley basis of Sja„-i takes the form 

^ . f (ei,e2...,e„) -^ (-e„, -e„_i, . . . , -ei) .^ ^^. 

t -S'jfc ~^ ~En-k+l,n-j+l ■ 

Lemma 4.1 Under the action \4.14^ 0A„_i is decomposed as 

QA„-i = 00 + 01 , 
where 

J 0Dn n-even, 
^^^[qbZi n-odd. 

with the defined below Chevalley bases Iji4-17\ ), Ii4-19\ ). 

• Qi is a space of traceless symmetric matrices of order n (dim(gi) = ^''^{n + 1) , and Qq acts 

on Qi by commutators. 
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Proof 

Let X Gsl(n, C) be a traceless matrix of order n and 

X = JX J , Jik = di^n-l-k ■ 

It follows from (j4.14p that X{X) = —X and the invariant subalgebra 

00 =0yl„_i + A(0A„_i) 

is the algebra of anti-invariant matrices with respect to the symmetric form Jjf^ 

XJ + JX^ = . 

Thus, 00 is the Lie algebra of orthogonal matrices SO(n, C) and we come to the first statement. 
Similarly, fov B £ qi 

YJ-JY^ = 0. (4.15) 

It means that gi is the space of complex symmetric matrices with respect to the secondary 
diagonal. In these terms the commutation relations in A„_i =sl(n, C) assume the form 

[0o,0o]C0o, [0o,0i]C0i, [0i,0i]C0o. 

We construct the Chevalley basis in the invariant subalgebras. The A on the simple roots of 

An-i is 



«! o a„_i , a2 o a„_2 ,•••,< 



For n = 21 0o = QDi = so(2/,C) the Chevalley basis is formed by the invariant coroots {aV 
(j = 1, . . . , /)}, constructed from A21-1 roots ai, . . . , 021-1, and the root spaces basis 

^"di = {"1 = ai + ^21-1 ,■■■ , Oi-i = ai-i + "z+i , Oi = a/_i + 2ai + a^+i} = (4.16) 

{a^ = ei - 62 + e„_.i - e^ , . . . ai_i = e^_i - ea + ea+i - 62+2 , a^ = ea_i + es - ea+i - 62+2} . 



2 ^ 2+^ 


neven 


2 2^-^ 


neven 


2 ^ 2 +^ 


nodd 


2 2 +1 


nodd 



The simple roots dual to coroots are otj = 2'^'j • The matrix aj^ = (dj, a^) is the Cartan matrix 
Di. The Chevalley generators corresponding to the simple roots are 

Eaj = Ejj+l — En-j,n-j+l , j < I , Es^ = -^^-1,^+1 - -Ei,Z+2 • (4-17) 

For n = 21 + 1 the Chevalley basis of the go = 0^; = so(2/ + l,C)-algebra (see Section 9) 
takes the form 

n^, = {aX =ai + a2i,..., a^_i = a^-i + ai+2 , Oi = 2{ai + ai+i)} = (4.18) 

{a^ = 61 — 62+6^-1 — e„ ,... a;_;^ = en^_-^ — en^+en;:^^]^ — en^_i_2 , O/ = 2(6 n-i j^- en-i | o)} ■ 

E&j = Ejj+l — En-j,n-j+l , j < I , Eai = Ei^i+i — £';+i^;+2 , 3=1- (4.19) 

The dual root system 



^Bi = JQl = -«!,... , a/_i = 2"n-l - "Z = ^"i I • 



leads to the Bi Cartan matrix ajk = {aj,a^). D 
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j,n+j ~ /?;y^j,n+j + ^n+j,j) 



Remark 4.1 In this Lemma we have found the coroot basis in the invariant subalgebra S^q for 
the special cases Ci, Di . The expressions |^.i6] ), ^-1^ ) for di( replace the general formula 
(5.26.1). 

Basis in V and gi 

We have constructed a basis in go- Consider other component in (|4.12p . (j4.13p . The basis in 
V = {-B}, where B satisfies ()4.15p . has the form 

ij^k+n = ^(-^i,fc+n + En+j,k + En-k+l,2n~-j+l + E2n^k+l,n~j+l) , {j / k) , (4.20) 

1 

It is easy to find that the invariant subalgebra go = 5o + ^ is isomorphic to gl(ra). The form 
of go is read off from from the extended Dynkin diagram for 11^'* (Fig. 3) by dropping out the 
roots ao and a„ (see j5]). 

The GS basis in gi is represented as 

1-1/ \ / • \ 

Oj = ^(*^i + ^n-j+l - e2n-j+l - en+jj , (j = 1, • • • "^ ) , 
ij^n+k = ~7^iEj^n+k + En-k+l,2n-j+l " -E'n+j,fc " E2n-k+l,n-j+l) , {j / k) , (4-21) 

tj,fe = ~~/K^^hk + En-k+l,n-j+l — En+j^n+k — E2n-k+l,2n-j+l) , {j 7^ k) , 
^j,'n+j ~ ~7^y^ J:^^+J ~ En+j,j) ■ 

In terms of the GS basis the Kilhng form is 



(tj,„+j,ifc,n+fc) = 2 ^^''^'^^ ' ^^tr+n^'^j,k+n) = i-'^T^skSrjS"" , (4.22) 



i^s,r, tj, fc) = SskSrj , ihj , hk) = ^jk ■ 



The Lax operators and the Hamiltonians. 

Trivial bundles. 

For trivial bundles the moduli space is described by the vector u = (ui, . . . ,Un). If ii^ is a 
G = S'p(n)-bundle 

u G SjcjWc^ K (rQ^„ e Q^cJ ■ (4-23) 

For trivial 5p(n)//^2-bundles 

uGi3/H^C„x(rP^„eP^J. (4.24) 

The dual variables v = (vi, . . . ,Vn) Vj G C are the same in the both cases. The standard CM 
Lax operator in the Chevalley basis is 

n 

L{z) = ^{vj + So,jEi{z))ej + ^ Sj^kH^j - Uk, z)6T^ (4.25) 
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+ ^ Sj^k+n4>{Uj + Uk, Z)&^^i^ + ^ Sj+n,k4'i-Uj " Uk, ^)<5j^fc 
j<k j>k 

'^{Sjj+n4>{'^Uj,z)(5~ + Sj+n,j(t>{-'2Uj,z)(SJ) . 
J 

The quadratic Hamiltonian after the reduction with respect to the Cartan subgroup takes the 
form (see (|4.1U|) ) 

1 " 1 1 

-f^Cn = ■^ Z_^ ^J ~ 9 2^{{Sj,kSk,jE2{Uj — Uk)+Sj^k+nSj+n,kE2{Uj+Uk)) — - ^ Sjj+nSj+njE2{2Uj,. 
j=l j^k j 

Thus, we have two types of the standard CM systems with the same Hamiltonians and different 
configuration spaces described by ()4.23p and (|4.24p . 

Nontrivial bundles 

Moduli space 

Consider a bundle with a characteristic class defined by ^ = ^(ro^). The moduli space is 
defined by vectors u G ^o (021) • 

Let n = 2/ + 1 be an odd number. As it was explained above, Sjq is a Cartan subalgebra of 
g^; . The coroot lattice in S)q ()4.3p 



Q^ = {7 = yj "T-jCj , /J rrij is even} (4.26) 

j j 

is invariant sublattice in Q^ ()4.3p . The coweight lattice in Sjq p.Sp 

I 

p^ = {7 = y^ ^^j(^j I "ij £ ^} • 

i=i 
Let H^ = Wbi be the Weyl group. A closer of the positive Weyl chamber for u = (ui, . . . ,ui) is 

ui>U2>...>ui>0. (4.27) 

There are two types of the moduli spaces defined as the quotient of i^o 

^o/(VFx(rQ^ + Q^), ^o/(VF X (rP^ + P^) . 

For n = 21 the invariant subalgebra is qdi ■ The structure of lattices for this algebra will be 
described in Section 5. The invariant coroot sublattice is the same as above ()4.26p . The form 
of the coweight sublattice depends on a parity of I. 

Let I be odd. In this case 

P- = Q-+Z(i^e-). 
j 

There is an intermediate sublattice 

I 
P^ = {7 = ^ rrijej \ ruj G Z} . (4.28) 

i=i 
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Therefore, there are three types of the moduh spaces: 
For I even there are two type of coweight lattices 



P^- = Q-+Z{\Y.~^,), P^- = Q- + 'L\{Y^~e, 



^2^ '" "2 

3 3 

and the intermediate sublattice ^2^ ()4.28p . In this case there are four types of the moduh spaces. 

Lax operator 

Using the general prescription for Lax operators (6.15.1), (6.17.1), (6.18.1), the GS basis 
()4.20p . ()4.2ip . and (|4.2p we define L in our case. The invariant operator Lq[z) is the Lax 
operator of the SO(n) CM system ([H:^ and ([OH]) . 

T(^ \^(q^^ ^hi^^Q , 2n+l-2j ^^^ (2n + l-2j)r , 1 , 



+ E (S,n^^- (^n + l-^j-k ^^^^ i2r^ + l-^j-k)r _ ^^ _ ^^ ^ 1 ^ ^^^, ^^^ ^^^^^^ 



,k — j . , Ak — j)t 1 

Z)4>{ Uj+Uk + -, 

n n 2 



+Sj,ke[—^z)4>{ Uj + Uk + -,z)if,.ji , 



T'f\ Sr q' M + l-j-k {2n + l-j-k)T q 

^o(^) = 2^ 5'^-,fc+ne ( ^- Z)(t){ — Uj - Uk, Z)tj^k+n 



2n ' " 2n 



1 "A , ,2n + 1 - 27' , (2n + 1 - 2i)T , n , ^ 

+ o E S,,n+,^ ( ^j;—^^)^C- ^;— ^ - 2n„ z)t°„+, . (4.30) 



2^^~J,"+J V 2n '^' 2n 



In these expressions the identification Uj = —Un+i-j as a result of A„ action is assumed. 

Hamiltonian 
Due to the gradation the Hamiltonian contain three terms 

H = Hq + Hq + Hi, 

where Hq is the CM Hamiltonian related to SO(n, C) (j3.2ip . (|6.27p . To define H'q and Hi one 
should take into account the Killing form ()4.22p . Then from ()4.29p and (|4.30p we find 

^\^( Q Q E. /(2'^ + l- j-fc)T ^\ ^ Q C T^ (0^-i)^ I 1- 

^ 2_^ [—^j,k+n^k,j+n^2 [ Uj—Uk — -) + Oj,k^k,j^2\ ""j +^fc " -T, 



2^\ ^'"^" "'^^" '^ 2n ' '^ 2' ^'" "'^ ^^ n -^ " 2' 

j<k 

n' ^V-^Q' Q' (2n + l-i-fc)T 1 {2n + l-2j)T , 

^0 - -2l^\^j,k+n^k,j+n^2K 1^ %-Wfcj+2('3i,j+n) ^2( ^^^^ ^Uj 

j<k 

As above Uj = —Un-j+i- 
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5 SO(2n) , Spin(2n) . General construction 

Roots and weights. 

The Lie algebra D„ has dimension 2n? — n and rank n. The universal covering group G is 
Spin(2n) and G°''^ =SO(2n)/|U2. In terms of the canonical basis on S^n^ (ei,e2, • • • ,6^) simple 
roots of Dn are n^)^ = {uj = Cj — Cj+i , j = 1, . . . , n — 1 , q„ = ei + e„}, and the minimal root 
is 

ao = — ei — 62 = — (ai + 2a2 + . . . + 2an_2 + a„_i + «„) • (5.1) 

The roots of system Ron have the same length and ^i? = 2n(n — 1). The positive roots are 
R^ = {(cj ± Cfc) , j,k = 1, . . . ,n , {j > k)}. The levels of positive roots are 

/e,-efc =k-j, fe^+ek = 2n - k - j . (5.2) 

The Weyl group Wd,^ of Rd„ is the semidirect product of permutations Sn and the sign 
changes 

n 

Sn X (the sign changes Cj — )• — Cj) , (JT(ibl)j = 1) . (5.3) 

i=i 
The root and coroot systems coincide and Rd„ generates the root lattice 

n n 

The half-sum of positive Dn coroots is pD„ = {n — l)ei + (n — 2)e2 + . . . + 2e„_2 + e„_i, and 
since the Coxeter number h = 2n — 2 

,,1 ,1 1 , ,1 j — 1 , 1 ,^ ^, 

K = p//i = — ei + ; r)e2 + ... + ( )e,- + . . . Cri-i . 5.5 

'^^ 2 ^2 2{n-l)' ^2 2n-T ^ 2n-2 ^ ' 

The system of the fundamental weights takes the form 

S7j = ei + 62 + . . . + ej , j = 1, . . . , n - 2 , 

^n-i = 2 v^i + . . . + e„_i - enj , ro„ = -(d + . . . + e„_i + 6^) . 

The weights tui, tu„_i, and tJ7„ are the highest weights of the vector 2n, right spinors (2""^) 

and left spinors (2"~^) representations. 

We find from (A. 17.1) and ()5.ip that the fundamental alcove has the vertices 

Caic = (0,roi, -W2.,. ■ ■ , -■n7„_2,-n7n-l,tX7n) . (5.6) 

The ChevaUey basis 

The Chevalley basis is convenient to define using a fundamental representation vri corresponding 
to the weight -cui = ei. It has dimension 2n. If the symmetric form is represented by the anti- 
diagonal matrix as for Bn then Z £so(2n) takes the form 

Z=(^ ^)' B = -B, C = -C, X = JX^J. (5.7) 
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The basis in ^d„ is generated by the simple roots n^^ in i^ (or by the canonical basis 
(ei, . . . ,e„)). In tti the canonical basis in S^d^ is diag(ei, . . . ,en-, — e„, . . . , — ei). 
The root subspaces in tti are 



(e. 


- efc) , 3 <k 


^^Jk 


(e. 


- Cfc) , 3 > k 


-^^Jk 



■■ {Ej^ki€ A) - E2n+i-k,2n+i^ji^ A), , (positive roots) 
(^j,fc(G ^) - £^2n+i-fc,2n+i-i(G ^)), , (negative roots) , 



(5.8) 



(ej + ek), j <k -^ 6+^ = {Ej^t+n - En+i-k,2n+i-j) e B (positive roots) , 
(ej + ek), j > k -^ 0+ = {Ej+n,k - E2n+i-k,n+i-j) e C (negative roots) . 

The Killing form (A. 25. 1) takes the form 

{&%,&fi) = SjAk. (5.9) 

6 SO(2n) , Spin(2n) , n = 2/ + 1. 

Lattices and characteristic classes. 

It follows from ()5.4p that 

vjj G Q{Dn) for 1 < j < n — 1 , ro^ ~ 2wn , T^n-i ~ 3ti7„ , modQ{Dn) ■ 
It means that 

P(I?n) = Q(I?n) + ZW„ ~ Q(D„) + ZWn-1 • (6.1) 

The weight lattice P{Dn) contains a sublattice P2{Dn) of index two 

n 

P2{Dn) = Q{Dn) + Ztui = {^ mj-ej I m^- E Z} . (6.2) 

i=i 

This lattice is self-dual P2{Dn) =^ P2{Dn) and isomorphic to the group of cocharcters P2{Dn) = 
t{SO{2n)), (A.43.I), where SO{2n) = Spin{2n)/n2- On the other hand, the weight lattice P{Dn) 
is dual to the root lattice ^P{Dn) = Q{Dn)- 

The center of Spin{2n) for odd n is Z{G) = Pon/Qon ~ A*4- The group element C, = e{^) 
for £_ = vjn generates //4. Putting £_ = Wn and Caic (|5.6p in (3.10.1) we find A„ 

. f tU„ -^ -^ ^n-l -^ tZ7i -> ro^ , 1 f ao -^ "n -> «i -^ an-i -> «0 

\ OTj -^ ro„_j , 1 < j < n - 1 . J ' \ Oj -^ On-j , 1 < j < n - 1 . 



In VTi the transformation takes the form 



An 



/ 10 \ 

/(i„_i 

Jdn-i 

V 1 / 



It acts on the basis elements in the space of 2n representation as 

1, 2, ..., n— 1, n, n + 1, n + 2, ..., 2n — 1, 2n 
n, n + 2, ..., 2n — 1 2n , 1, 2, ..., n — 1, n + 1 
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(6.3) 



In the canonical basis (ei, 62, . . . , e„) A„ is represented by the matrix 

\ . A _ / ^j,n~k+i , J <n 
I -dj,n-k+i , J = n. 

This transformation is an element of the Weyl group W{S0{2n)). 



(6.4) 






ao 



OLr. 



Fig.4 L»„, n-odd, A^ 



In a similar way the fundamental weight von-x generates the Weyl transformation 



^ra-l 



tZ7„ — > ZZ7i — > Wn~l — > — ^ tI7„ , 

Wj —7- ro„_j , 1 < j < n — 1 . 



Thus, A„_i = A~^ and we will not consider this case. 

Consider a subgroup of order two of Z{G) generated by ^ = wi. Acting as above we find 

{tui o 0, 
Wn~\ O Wn , 
zuj ■H- Wj , 1 < j < n — 1 . 

In terms of roots the action assumes the form 



tui ^ 0, 

ZUj ■H' Wj , 1 < j < n — 1 . 



Explicitly, in vri 



/o 



ao -H- «! , 

Oj -H- Oj , 1 < J < n . 

1\ 



> . 



Id 



71-2 



1 

1 



Id 



n-2 



Vi 



0/ 



or 



1, 2, 

2n, 2, 



, n— 1, n, n+1, n + 2, ..., 2n — 1, 2n 
, n — 1, n + 1, n, n + 2, ..., 2n — 1, 1 



In the canonical basis (ei, 62, • • • , e^) A„ is represented by the matrix 



Ai ^ A 



jk 






(6.5) 



(6.6) 



(6.7) 
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The GS-basis. 

For n odd 

where 



QD-a = 00 + 01 + 02 + 53 , (A„(0A:) =i 0fc) 



00 = 00 + ^ • 



(6.8) 



In n'^^* there are one orbit of length 4 and ^^y^ orbits of length 2. The former orbit passes 
through uq and the latter orbits contain Hi = An- 3- Since n — 3 is even it follows from Lemma 
10.1 that go = 0_B„_3 • We will demonstrate it explicitly. 

The subspaces in (|6.8p can be read off from the A^-action. First we find that 



00 = < 



/O 0\ 

X 



X 

\0 0/ 



X = yl("~2) — ^("-2) 



> , 



where A^"' ^^ is a matrix of order n — 2, A^^ ^) = Jn-2A^"' ^^ J„_2. 

(n-2)(n-3) 
dim (go) = ^ • 

It is easy to see that go has a type Bn^. Namely, {X = ^(""2) - ^("-2)} = so(n - 2). The 

2 

invariant Cartan subalgebra Sj G Qo has a basis 

n — 3, 



62 = 62 - 6„_i , 63 = 63 - 6^-2 , . . . , 6; = 6; - 6;+2 + 6„+z , (/ 

An arbitrary element from Sjq has the form 

u = diag (0, U2,... , ui,0, -ui,..., -U2, 0, 0,U2, . . . ,ui,0,-ui, . . . , -U2,0) . 
The space V is generated by its GS basis. In following formulas j = 2, . . . , n — 1 



hj — 9 (-^l,j + En,n+j + E2n,j + En+l,n+j) — ■■■■, (j — 2, . . . , n — 1) 



^l,n — 9 (-^1," + -^n,2n + E2n,n+1 + -E'n+l,l) " • • • ) 



(6.9) 



(6.10) 



(6.11) 



tj,l — 9 (-^i,l + En+j^n + -E'j,2n + -Sn+jjn+l) 



(j = 2,...,n-l), 



1 



tj,n+fe — ~J^{Ej,n+k + En+j,k) 



En-k+l,2n-j+l — -^2n-fc+l,n-j+l i (ji ^ — 2, . . . , n — 1) 



where ... means the antisymmetric part of Z (|5.7|) . The latter generators form the adjoint 
representation of go = so(n — 2). We have 

dim {V) = ^(n - 2)(n - 3) + 2 • (n - 2) + 1 . 

Let (n — 2), Ihe a vector and a scalar representations of so(n — 2). Then go is decomposed as 

00 = (go = so(n - 2)) + 2 X (n - 2) + 1 + ^(ra - 2)(n - 3) , dim (go) = n^ - 3n + 3 . 
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It is isomorphic to so(n — 1) + so(n — 1) + ]^. This algebra is obtained from the extended Dynkin 
diagram by dropping two middle roots. This procedure generates the automorphism of order 
four [5J. 

The Killing form in V is defined by (5.8.1). We write down its nonzero components 

i^jl,n+ki''^J2,n+k2) — ^jlM^ki,J2 ^ (^Ij > t^V^) = 1 , (ti,„, ti,„) = — 1 • (6-12) 

Formally, the last pairing vanishes. However, one can consider instead nontrivial pairing (t? „, t[^ i) 
The basic element i^ ^ is defined by the equivalent orbit passing through £"«,!• The sign minus 
in the last pairing arises due to the antisymmetry of matrix Z. 
Consider the GS basis in gi 

f)l = -^(ei+ze„)-... , (6.13) 

I 

h,j = 2 '^^iJ "*" ^-^™,"+i ~ -^2n,i — iEn+l,n+j) • • • , (j = 2, . . . , n — 1) , 

h,n = l^{El,n + iEn,2n — -E'2n.,n+ll — ^^n+l,l) — ■ ■ ■ j 
tj,l = T^i^j,! + iEn+j,n — Ej^2n — iEn+j^n+l) — • • • , (j = 2, . . . , n — 1) , 

dim 01 = 2(n - 2) + 2 = 2n - 2 . 
The GS basis in 32 is 

f)i = ^(ei -en)- ... , 

tij = ■7:{ElJ — En,n+j + E2n,j — -E'n+l.n+j) • • • ■ (6-14) 

hn = ^(-^l,n ~ En,2n + -£'2n,n+l — -E'n+l.l) — • • • , 
t,' 1 = 7;{Ej^i — En+j,n + Ej^2n — En+j,n+l) — ■ ■ ■ , (j = 2, . . . , n — 1) , 
^j,n+k — ~~7^\Ej,n+k — En+j,k) — ■ ■ ■ , (j'l ^ = 2, . . . , n — 1) , 



V2 



1 



tj,fc = -J^{Ej,k + En+l-k,n+l-j) - ■■■ , ij,k = 2,. . . ,n-l) . 

(n-2)(n-3) (n - 2)(n - 1) y 

dim 32 = 2(n - 2) + 2 + ^^ ^-^ ^ + ^^ ^-^ ^ = n^ - 2n + 1 . 

Finely, the GS basis in gs is 

i)l = ^{ei-ien)-..., (6.15) 

tij = -^{ElJ — iEn,n+j — E2n,j + iEn+l^n+j) • • • , (j = 2, . . . , n — 1) , 
1 



i3 
1 



hn — l^iEln — 'iEn,2n — -E'2n,n+1 + ^-E'n+l.l) — • • • , 



tj,l — o (-^j,l ~ iEn+j,n — Ej^2n + 'i'En+j,n+l) — ■ ■ ■ , (j — 2, . . . , n — 1) 
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dim 03 = 2(n - 2) + 2 = 2n - 2 . 

It follows from (5.8.1) that there is a nontrivial pairing (02,02) and (01,03). For the basis we 
have 

(f)l,f)?) = l, {il^,tl,) = l, (i3_^.,ii_^.) = l, (tU,t?,„) = -l, (6.16) 



\^jlM^ J2,k2^ ~ ^hM"J2M ' (tji,n+A:i' t; 



■J2,'n+k2> 



~"jiM"J2M 



(6.17) 



Consider the GS-basis corresponding to Ai ()6.6p . In this case 

0D„=0O + 01, (Al(0fc) = (-l)''0fc), 

00 = 00 + ^ , 00 = Qb„-2 = so(2n - 3) . 



Then Z e 00 if 



Z 



/ 

A^' 

a 

a 











^("-2) aj„ aj„ 



nj 






\^ 






-al 




nj 



nj 



\ 

5 {"-2) 
_i(n-2) 







G so(2n - 3) . 



0/ 



Here ^("-2)^ ^("-2) ^nd C^"^^) ^re matrices of order n-2, i(""2) ^ j(^{«-2))rj ^^^^^ 

The Cartan subalgebra i^o ~ ^B„-2 ^^^ ^^^^ form 

^0 = {a = diag(0, n2, . . . , Un-i, 0, 0, -u„_i, . . . , -U2, 0} 
For Z G y we have 

^ aij ain 611 -aji ^ 

aji aji 

-ain -611 

-611 -ain 



(6.18) 



7"^ 











\ aij 611 ain -aji 

y = 2(n-2) + l + l. 



/ 



Here 2(n — 2) + 1 is a vector representation of Bn-2 =so(2n — 3). The GS-basis in V takes the 
form 



1 



tl,n — ^(-^1," + -E'2n,n+l) 



1 



t?, = -=(Slj+^2n,i)-... , {j 



^/2 



,n-ll 



(6.19) 



iO 



1 



[(-E'n,! + -£'n+l,2n) 






1 



(^i,i + Ej 



As above, . . . means the antisymmetric partners of the generators. Thus 

dim 00 = dim 0_b„_2 + dim V = 2n — 5n + 4 . 



(i 



,n-l) 
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The invariant subalgebra go is isomorphic to so(2n — 2) + 1^. It is obtained from the extended 
Dynkin diagram for so(2n) by dropping two roots roots ai and oq- This procedure provides 
the second order automorphism that we consider. 

Non- vanishing components of the Kilhng form on V are 

(i?,n,in,i) = -l' (t?,,'i°i) = l- (6.20) 

Consider the GS-basis in gi 

i}\ = ei, \)i = en, (6.21) 

kj = ^(-^IJ ~ -^2nj) • • • , il^n = ^(^1'" ~ -^2n,n+l) " • • • , 



tn,l - —?^iEn,l - En+l,2n) " • • • , tj,l - -J^i^j,! " -E'j,2n) 



The Kilhng form on this basis assumes the form 



{l)\,i)\) = l, {i}li)i) = l, (it,i^,i) = l, (tl,,,l],i) = l. (6.22) 

The Lax operators and the Hamiltonians. 

Trivial bundles. 

The moduh space for the trivial G = Spin{2n)- bundles is the quotient S)d^/{Wd„ x {tQ{D„) + 
Q{Dn))), where Wd^ is defined in (|5.3p . It implies that 

n n 

^j ~ ""j + "^i + ''^i^ 1 ''^j I'^^i £ ^ ) /^ "^i a-iid 2, ^j is even (6.23) 

i=i i=i 

(see dSaD). 

For trivial G""^ = 50(2n)//i2-bundles the moduh space is ?)d^/{W k {TP{Dn) + P{Dn))), 
where P{Dn) is the D„-weight lattice ()6.ip . In this case instead of the shifts ()6.23p the moduli 
space is defined up to the shifts 

Uj ~ Uj + rrij + rijT , Uj , rrij G Z or € — h Zi, . (6.24) 

The intermediate situation arises for trivial S'0(2n)-bundles. In this case u is defined up to 
the shifts 

Uj ~ Uj + Trrij + Uj , mj,nj S Z . (6.25) 

For all Spin{2n), S0{2n) SO{2n)/n2 trivial bundles we have the same Lax operator 

n n n 

H^) = ^{vj + SojEi{z))ej ^"^ Skjcpiuj -Uk, z)e~,^ + ^ Sk+n,j4>{uj + Uk, z)<5^^^^^ , (6.26) 

i=l jy^k j^k 

and the same CM Hamiltonian 

^ n 71 n 

-H' = 2 X] ■" j ~ X^ Sj,kSk,jE2{uj -Uk) -'^ Sj^k+nSj+n,kE2{uj + Uk) , (6.27) 

j=l j^k j^k 

but different configuration spaces (|6.23p . (|6.24p . (|6.25p . 
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Nontrivial bundles. 

The moduli space. 

Consider a bundle with a nontrivial characteristic class generated by the weight Wn ■ The moduli 
space is a quotient of ^o = {u = X^,=i ^fjCj}, I = ^^^^, (see (|6.1U|) ). where ^o is a Cartan 
subalgebra of the invariant algebra go = 0B; = so(n — 3). 

Following (|3.6|) and (|3.8|) we construct invariant coroot and coweight sublattices 

I I I 

Q^ {Bi) = {N^ "ijej ) rrij & Z , N^ rrij — even} , P^ {Bi) = {N^ "ij^j , ruj G Z} . 

where {ej} is the invariant basis ()6.9p . Therefore, there are two types of the moduli spaces. 
They are defined up to the shifts by a vector u 

a~fi + r7i+72, 7j gQ^(5/), or P^(5/). 

The nontrivial Spin2m S0(2n), SO(2n)/^2 - bundles with the characteristic class ro„ have the 
same moduli space as trivial Spinn-2-, SO(n — 2)-bundles. Two fundamental domains describe 
these moduli spaces. 

Let us define the moduli space of bundles with nontrivial characteristic class generated by the 
weight wi. In this case Hi = I\.Dn-i and fl = IiBn-2 (flo = so(2n — 3)). Then u G ^Bn-2 (|6.18p . 
Two lattices Q^ {Bn-2)-, P'^ {Bn-2) in ■^B„_2 (|3-6p . (|3.8p defines two fundamental domains 

u ~ a + T7i + 72 , 7i G <9^ {Bn-2) , or P^ (5„_2) • 

They are the moduli spaces of trivial Spin2n-3, S0(2n — 3)-bundles. 
The Lax operators and Hamiltonians. 

In the GS-basis corresponding to the characteristic class Wn the Lax operator is decomposed as 

L = Lq + Lq + Li + L2 + L3 , 

where Lq is a Lax operator corresponding to the trivial SO(n — 2) bundle ()3.20p . The other 
components take the form 

L', = Sl^e{z/2)^{^,z)tl^+ 

k=l 

Here Uj are elements of the diagonal matrix ()6.10p Ui = —Un-i, (i = 2, . . . , /). 
Lk=i,3 = sf- V(p ^)^? + St;M^k/A)cPik/A, z)tt 

^-^V J'l ^2n-2 ^^^2n-2 ^ 4' ^ ^'^ ^'-^ ^2n-2 ^^^2n-2 ^ 4 ^ ^'V ' 

J=2 

L2 = Sl^e{z/2)<p{l/2,z)tl^ + Sfe{z/2)(t>{l/2,z)l^j + 
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J=2 



,2n — m — j ^^^2n — m — j _ 1 ^2 



/ > '^mj+n^ V 2n - 2 2n - 2 -^ 2 ' '^ i'™+" 

n-1 . , .s ^ 

m — J -.lAlTT- —J) 1 



™'^*' ^2^7^^^'^^ 2n-2 ^ " ""^^ + ""^ " 2 ' ^^^■''"y ■ 

After the symplectic reduction with respect to the Cartan subgroup Ti we come to Hamilto- 
nians of integrable systems 

H = Hq + Hq + H2 , 

where Hq is the Hamiltonian of Bi CM system p.2ip , 

H'o = 2(^o(^)'-^o(^))lconst. part, ^2 = {Li{z), Ls{z)) + -{L2{z), L2{z))\const. part • 

From (f02]) and (iGTTll we find 

i=2 k+3 



H2 = {SlSf - Sl^SlJE2{l/A) - l{SlJ^E2(,l) + IY1 SlmSi,^^^'' " ^J + ^- - ^) 

n-1 . n-1 9 _ _ • 1 

i=2 jV^m 

Consider systems corresponding to the characteristic class wi. In this case using the GS-basis 
()6.19p . ()6.2ip we define L = Lq + L'q + Li , where Lq is the Lax operator of Bn~2 (|3-20p . 

L'o(z) = 5;,ie (^z)0(t/2, z)t?,„ + 5l,„e (-^^)</.(r/2, z)t°,i + 

J=2 

Li(z) = (5i[i} + SXmI, z) + {SlA,i + SiiiiJe (^^)0(^(1 + r), z) 

+ E K-e (^)^(|^ -. n, ^)tl. + ^iie (^)^(^ + n, + 1, .)t], 
i=2 

Then we come to the Hamiltonians Hq = H^n^-s (|3.2ip and 

2 

H'o = -^SI^S'^^ip{t/2) + Y^ S[.jS'jiE2{-——j - Uj) , 

i=2 

-2i/i = ((5|)2 + iSif)E2{l) + ^ 5i\,.4ii?2(^|^ + ^ - n,) + Sl,„5i,ii?2(^(l + r)) . 

i=2 
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7 SO(2n) , Spin(2n) , n = 21. 

Lattices and characteristic classes 

For n = 2l 



P{Dn) = Q{Dn) + l.'cua + Zci7fc , o, 6 = (1, n - 1, n) , a / 6 . 



(7.1) 



The weight lattice P{Dn) contains apart from Q{Dn) three sublattices of index 2 generated by 
these weights 

P^{Dn) = Q{Dn) + 'Lwi, (7.2) 

P^{Dn) = Q{Dn) + -LWn-X , P^(Z?„) = QiB^) + ZtU„ . 

The sublattice P^ (Dn) is self-dual. If n = 8/ then ^(P^ (£»„)) = P^{Dn). For n = 8/ + 4 
^{P^{Dn)) = P^{Dn), and ^(P^(Z?„)) = P^(-D„). In other words, we have the following 
hierarchy of the lattices 

P 

^ I \ 
pR pV pL 

\ i ^ 

Q 

The center of Spin(2n) for even n is Z{G) ~ /X2 x |U2. The group element C = ^ (^) for 
S, = Wn generates one of the subgroups fi2- Putting (^ = Wn and Caic (|5.6|) in (3.10.1) we find A„ 



An : 



O VJn , W\ -f-T- tZ7n-l , 

voj o CT„_j , 1 < J < n — 1 . 



In terms of roots the action assumes the form ao ^ an, ai o On-i , . . . aj -H- a„_j 
1 < j < n — 1. In the representation vri (j5.7p the A„ action takes the form 



An 



/dn 
/dn 



Its action on the indices of the basis (ei, 62, . . . , e2n) is 

/ 1 j n n+ 1 n + j 2n 

"'yn+ln + j2n 1 j n 

In the canonical basis (ei, 62, ... , e^) A„ in i3D2i ^^ represented by the matrix 

An — )• Ej], = —Oj^n-k+l ■ 



(7.3) 




Fig.5 Dn, n-even, An 
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Let us take ^ = Wn-i- Then the corresponding Weyl transformation A„_i acts on Caic as 



ZUj O Wn-j , 1 < j < n — 1 
or a„_i -f-)- ao ) Q^n ■^ CKi , aj -f-)- a„_j , 1 < j < n — 1 . 



ai 




O 



•-•^ 02 




an-2 



"0 



Or 



Fig.6 D„, n-even, A„_i 
In the representation vri ()5.7p the An_i action takes the form 



/ 





1 








\ 














Idn-2 





1 






























1 





Idn~2 














V 








1 





0/ 



^n-1 



It is conjugated to A„ by the matrix 

/ Idn-l \ 

10 

10 

V Idn-l J 

We will not consider the corresponding GS basis. 

The case S, = vj^ was already considered (|6.6p . In this case go = so(2n — 3). 

The GS-basis. 

The A„ action on Z in tti takes the form 



An(^) — A„ 



Since A^ = Id 



where 



A B 

C -A 



5d„ = 5o + Si 



-A C 
B A 



(7.4) 



00 



X Y 
Y X 



X = -X 
Y = -Y 



X Y 
-Y -X 



X = X 
Y = -Y 



where 



5o = 00 + ^ , 00 



X 
X 



V 



Y 
Y 



(7.5) 
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According to Lemma 9.1 go = 5z)n = so(n). The Cartan subalgebra Sjq in go has the basis 

(7.6) 



ei = diag(l,0,..., 0,-1, 1,0,..., 0,-1), 
e2 = diag(0,l,...,-l,0,0,l,...,-l,0). 



Q = diag(0,... ,1,-1,. ..,0,0,... ,1,-1,... ,0). 
It defines the moduli space of the S0(2n, C)-bundles with characteristic class corresponding to 

I 

^0 = {a = ^ UjCj} . (7.7) 

i=i 
From (17.31) the GS-basis in V takes the form 



ij^n+k = -^{Ej,n+k + En+j,k-En-k+l,2n-j+l-E2n-k+l,n-j+l) , {j, k = 1, ■ ■ ■ ,n , j ^ k) (7.8) 

with the Kilhng form 

\^ji,n+ki^^J2,n+k2) ~ "ji,fc2"fcij2 • ('-9) 

The GS-basis in gi is 

f)j = ~^i^J ~ ^ri+j + en-j+1 - e2n-j+l) , (j = 1, • • • , ) 
tj,fc = ~7^{Ej,k — En+j,n+k + -E'n-fc+l.n-j+l — E2n-k+l,2n-j+l) j U, ^ = 1, . . . ,1) , (7.10) 



^j,n+k ~ ~~f^\Ej,n+k ~ -E'n+j.fc ~ -E'n-A:+l,2n-j+l + -E'2n--fc+l,n-j+l) > [Jt ^ — 1, . . . ,1 , j ^ k) , 



1 

with the Kilhng form 

(f)j>flfc) = ^j.k , (t]i,fei,t]2^fc2) = Sj^M^J2M , (7.11) 

\^ji,n+ki^''J2,n+k2) ~ ~"ji,k2"J2M ■ 

The GS-basis and the Lax operator related to the characteristic class defined by zun-i are 
conjugated to the GS-basis and the Lax operator related to the characteristic class defined by 
Wn- Therefore the corresponding Hamiltonians coincide. 

Lax operators and Hamiltonians. 

Consider a bundle with nontrivial characteristic class generated by the weight tu„. The moduli 
space is a quotient of ^q = {u = J2j=i '^j^j}-> ^ = §i where S)q is a Cartan subalgebra of the 
invariant algebra go = QDi (!7.7p 

For I odd there are three types of invariant sublattices Q{Di) (j5.4p . P{Di) ()6.ip and P2{Di) 
()6.2p . They define three types of moduli spaces for these bundles as the fundamental domains 

a ~ a + 7ir + 72 , 7i e Q(A) , or P{Di) , or P2(A) • (7.12) 

For / even the invariant sublattices are Q(A), P^{Di), P^{Di) and P^ (Di) (fZ:^ . Therefore, 
in this case there are four types of the moduli spaces. 

u ~ u + 7ir + 72 , 7i G Q(A) , or P^(A) , or P^(A) or P^(A) • (7.13) 
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Consider the Lax operator for bundles with the characteristic class defined by Wn in the 
GS-basis ()7.8p . (|7.10p L = Lq + L'q + Li. Here Lq is the Lax operator of Dn, 



,2n — i — k , , , 2n — i — A; 

z)(h( ■ 

2n - 2 ^^^ 2n - 2 






j=l j^k 



sr^ oi ,2n-j-k 2n-j-k 1 , 

- Z^ ^j,n+ke ( 2n-2 ^^'^^ 2n-2 ^ " ""^^ " ""^ " 2 ' ^^ ^'"+^' ' 

From ()7.9p and (|7.1ip after the diagonal reduction we come to the Hamiltonians 
^0 = ~ 2 ^ ^in+k^kn+jE^i 2n-2 ^ ~ ^^ ~ ^''^ ' 

3^k 

H^ = -\iZ^S]f^,{\)-\J2sl,Sl^E,{^^r-u,+u,-\) 



+ ^ 2_^ ^j,n+kSn+k,j^2 



■ 2n — j — k 



-T - Uj -Uk- -) . 

jLjI I, ^ 



2A^~3,n-tH:~n^f,,3 -v 2n - 2 ' 2' 



Note that in all expressions Uj = -Un+i-j- 

Summarizing, the Hamiltonian Hj^ +Hq + Hi describes the integrable systems correspond- 
ing to the bundles with characteristic classes defined by vjn, or Wn-i with the moduli spaces 
(171^ for / odd, or (17^^ for I even. 

8 Eg . 

Roots and weights 

The Cartan subalgebra of the Lie algebra eg is the space 

S){e6) = {u£C'^\u5+U6+U7 = 0}. (8.1) 

The root system R{eQ) is related to the root system R{so{8)) of so(8) 

4 

R{so{8)) = J2 ±ei ± efc , « (^(so(8))) = 24 . 

Let 

P'^ = {tu^}, P'' = {w^}, P^ = {t^r}, (a = l,...,8) 

be the weights of the left (L) and right (R) spinor representations 8 , 8 and the vector repre- 
sentation (V) 8^ of so(8). They are equal to the following combinations of the basic vectors 

^a ~^ h Sfc=i ^^k , even number of negative terms , 

w^ — )■ ^ X]a:=i ^^k ) odd number of negative terms , (8.2) 
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In these terms 



Riee) = R{so{8)) U (P^ ± -^(eg - 67)) U (P^ ± -^(65 - eg)) U (P^ ± -^(ee - 67)) = (8.3) 

P(so(8))U{a^,± = (tz7f±-^(e5-e7)),a^± = (tz;^ i-^Ceg-eg)) , <± = (tnr±-^(e6-e7))} . 

The systems of e^ roots is self-dual and the corresponding Dynkin diagram is simply-laced. 

Since tJ(P^) = tt(P^) = tt(P^) = 16 the number of roots is equal tt(P(e6)) = 24+16+16+16 = 
72. We have from here dim eg = rank eg + '^{R{ee)) = 78. 

It follows from here that so(8) is subalgebra of eg. It can be found that 

e6 = so(8)ej^ = 28 + 50, (8.4) 

where J7 is a representation space of so(8). It is decomposed on irreducible components as 

^ = 2x1 + 2x8^ + 2x8^ + 2x8^. (8.5) 

Here two scalar representations complete the Cartan subalgebra i5(so(8)) to the Cartan subal- 
gebra io (eg) dHI]). 

The basis of simple roots can be chosen as 

ai = ^(64 - 63 - 62 - ei) + -^(65 - ee) , 
"2 = 63 - 64 , 

"3 = 62 - 63 , 

a4 = ei — 62 , 

"5 = -ei + :^(66 -67), 

ae = 64 + 63 . 



n 



(8.6) 



The subsystem of simple roots 



Hi = {a2,as,a4,aG} 



(8.7) 



is a system of simple roots of subalgebra so(8). 



The Weyl group Weg of R{eQ) is generated by VFso(8) (!5.3p and by the reflections Sai, Sas 

Wee = {^so(8) , i^l ^ "Cl , 66 ^ 67) , {Cj O -6j , j = 1, . . . , 6)} . (8.8 



The defined below Ai (j8.17p is an element from We^ 

The simple roots (j8.6p define the fundamental Weyl chamber 



C = {u. e :^ \ ui > U2 > U3 > U4 > , U5 — uq > \/2 V^ lij , uq — uj > V^ui} . 



The minimal root is 



Then 



1. N 1 / N 

«o = -2^(^4 + 63 + 62 + 61) - ^(es - 67) 
= — (ai + 2a2 + 3q3 + 2^4 + 05 + 2a6) . 

Calc = {n £ S^ \ Ui > U2 > U3 > U4^ > , 



.10) 



34 



U5- Uq > \/2 ^ Uj , Uq-Ut > \/2ui , -^"^'Uj + V2{U5 - Uj) < 1} . 

The subset of positive roots corresponding to Ilee assumes the form 

R+{ee) = i?+(so(8)) U (P^ + ^^(es " e?)) U (P« + -^(eg - eg)) U {P^ + -^(eg - 67)) . (8.11) 

This data allows one to construct the Chevalley basis in eg. 
It follows from (|8.6p that the root lattice of eg is 

Q(e6) = g(so(8)) + Z(-ei + --=(e6 - 67)) + Z(-(e4 -63-62- ei) + 4f (^5 - ee)) • (8.12) 



The fundamental weights dual to Ilee (|8.6p are 

wi = ^(2e5 - 66 - 67) = |(4ai + 5a2 + 603 + 4a4 + 205 + Soq), , 

^2 = ^(ei + 62 + 63 - 64) + ^(565 - 66 - 467) = i(5ai + 1002 + 1203 + 8a4 + Aa^ + Ga^) , 

^3 = ei + 62 + •v/2(e5 - 67) = 2ai + 4a2 + 603 + 4a4 + 2q5 + 3a6 , 

G74 = 61 + ^(465 + 66 - 567) = -5(401 + 802 + 1203 + 1004 + 505 + 6a6) , 

W5 = ^(65 + 66 - 267) = 5(201 + 4a2 + 603 + 5a4 + 4a5 + 3a6) , 

^6 = ^(61 + 62 + 63 + 64) + -^(es - 67) = oi + 2a2 + 803 + 204 + 05 + 2a6 • 

(8.13) 
The vector pee takes the form p^^ = Pso{8) + 75*^^^ ~ ^'^-' ^ "^^^ "*" ^'^^ "*" ^3 + -75(65 - 67) and 
since h = 12 



1 2 , ,111 2 . 

^ee = TTTPso(8) + IT^ie^ - 67) = -61 + -62 + —63 + -^=(65 " 67) 



12' 



3\/2 



6 



12 



3^/2 



.14) 



The weight lattice P{e6) is generated by the root lattice Q{ee) (|8.15p and one of the funda- 
mental weights Wk {k = 1, 2, 4, 5) 

P{ee) = Q{e6) + Zzui. (8.15) 

The factor group P/Q being isomorphic to the center of the universal covering group Eq is 

P{ee)/Qiee)^fi3. (8.16) 

It follows from (|8.9p that the fundamental alcove (|8.1Up has the vertices 

n (a ^ ^ ^ 1 ^ 

<-^alc = (U, tZ7i, -tU2,-tI73, -tI74, t^s, -tU6 J . 

The transformation Ai E Tc generated by wi acts on the extended Dynkin diagram as 



Qi -> ao , 


ei -^ ^(ei + 62 + 63-64 


02 -> a6 , 


62 -^ ^(61 + 62-63 + 64 


«3 -^ "3 , 


63 -^ ^(ei -62 + 63 + 64 


04 -;> 02 , 


64 —)• ^(61 — 62 — 63 — 64 


05 ^ Ol , 


65 -^ 66 , 


06 — > 04 , 


66 -^ 67 , 


^ oo -> 05 , 


67 -^ 65 . 



^.17) 



35 




ai 02 "3 «4 a5 




Note that being restricted on so(8) A acts on the fundamental weights as 



VJ — >■ tZ7 — >■ tJ7 , 



Chevalley basis 

We start with the Chevalley basis in subalgebra so(8). It is generated by the canonical basis 
(ei, 62, 63, 64) in i3(so(8)) and the root subspaces 



a-jk = (ej -ek) ^ Ej^k , J ^k, (Keg , ajk) = ^ , 

aj+4,k = {-ej -Bk) ^ Ej+4^k , J 7^ k,k + A, j y^ k , (Keg , ajk) = "^^2^^ , 



(8.18) 



The root subspaces in R{eQ) \ R{so{8)) are representations 2 x 8^ + 2 x 8-^ + 2 x 8^ of so(8) 
1 2 

"a,± = (^a ± ^(es - 67)) ^ £^a,± , a = 1, . . . ,8 , (^ee , a^.i) = ± 3 + ('^so(8) , ^a > , 
<± = (^f ±-^(65-66)) ^<±, a = l,...,8, (/.ee,«^±)=±3 + ('^so(8),tnf), (8.19) 

"^± = (^r ± ^(ee - 67)) ^ £^^± , a = l,...,8 (Kee,a^±) = ±- + (Kso(8),tz7^) . 

It follows from ()8.2p that —vJa ' ' is again a spinor weight of the same type. We denote by 
E^_^ the Chevalley generator related to w^. 

The Killing form in the Chevalley basis assumes the form 



(ej,efc) = (5j,fc, {Ej^k,Ei^jn) = Sk,iSj,Tn, {j,k = 1, . . . ,4) . 



(8.20) 



GS basis 



Consider the Weyl action Ai (|8.17p on the root spaces of eg. It easy to see that Ai preserves 
so(8) and therefore ^ in (EH). 
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GS basis in so(8). 

Consider the action of Ai on so(8). Note first, that an orbit of Ai that does not contains the 
minimal root is Hi (|8.7p . It is a basis in the Cartan subalgebra i5(so(8)). Since Af = 1 



i5(so(8)) = ^0 + -^1 + -^2 , Ai S)j = uj^S)j , uj = exp — - . 



^.21) 



Here S^q is a Cartan subalgebra in qq. The basis 11^ of simple coroots is 

2 2 

ftv = {al=Y^ A^aa = 803 = 3(e2 - 63) , 02 = J] ^^=02 = (ei - 62 + 263)} . 

fc=0 fe=0 

The dual system is a system of simple roots of g2 

n = {03 = -(62 - 63) , a2 = -(ei - 62 + 263)} . 



^.22) 



.23) 



In this basis the positive g2 roots are 

i?+(g2) = (li, ^(2,1,1,0), ^(1,2,-1,0), ^(1,1,0,0), ^(1,0,1,0)). 

It is convenient to pass from the coroot basis 11^ in i3(g2) to the canonical basis (ei, 62, 63) 

u = uiei + 1*262 + 1*363 , ui = U2 + U2,, {ui = 0) . 
According with ()8.2ip the GS basis in i^(so(8)) is generated by ()8.25p and by 

f flia = {75(a2 + wa4 + w^ae)} = {^i^^ -^^ 1 + ^^ -1 + ^'^)) > 
\ f)a2 = {73(«2 + w^a4 + wae)} = {75(^^ -'^^ 1 + w, -1 + w)} . 

With respect to the Ai so(8) is decomposed as 

so(8)=g2e7e7', Ai(g2)=g2, Ai(7)=u;-7, Ai(7') = ^' • 7' , 

where 7, 7' are fundamental representations of g2. 

According with the gradation we have the following gradation of the root spaces 



^.24) 



.25) 



^.26) 



^.27) 



g2 


7 


7' 


-^12 = El2 + -E34 + -E'35 
-^13 = -^13 + -E^24 + -E'25 

-£'14 = -E'14 + -E15 + -E'26 

-£'17 = -£'17 


il2 = ^(£l2+W^34 + w'^35) 
il3 = ^(£l3+w£24 + w2^25) 
tM = 75(^14+^^15 +^^^26) 

£1 hi 

^(2,3,4), 1 ' '-'02 


ti2 = 75(^12 +a;'^34 + a;£;35) 
ti3 = 75(^13 + w^^24 + a;S25) 

4 = 75(^14 + ^2^15+^^26) 
.2 t^2 
'•(2,3,4),1 ' '-'02 



Tablel. GS basis in so(8). 
The roots of so(8) that parameterized the GS basis are 

(61 — 6m) — ^ il.m ) {^m " 61) — )■ t^ 1 . 
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The left column of table 5 contains seven positive root subspaces of g2. In particular, E'ga = -^03 
and E^2 = -^02 • 

The Killing form on g2 is the canonical form on ^(g2), and for the root subspaces non- 
vanishing elements are 

(-^12,-^21) = (-E13, E^i) = {Ei4, E41) = 3 , (8.28) 

(-^23' -^32) = (-^16' -^61) = (-^17' -^71) = 1 • 

For rest generators of the GS basis in so(8) we have 

{i)l,i)l) = 2, ii%,it) = ^''''^'"''>hmdk,i. (8.29) 

GS basis in J'. 

The basis in the Cartan part of J^ 

S){J) = {^565 + ^666 + ujer , U5 + U6 + U7 = 0} . 

is transformed as Ai(e5) = ej , Ai(e6) = 65 , Xi{ei) = cq. 
The basis E^_^ (|8.19|) is transformed as 

There are 16 orbits of this type in J'. Thus, the GS basis in J' takes the form 

tS,+ = ^{E^^^ + u;'El_ + u;''E^^_) , (8.30) 

<_ = ^{E^^_ + u'El^ + u^'^E^^^) , (fc = 0, 1, 2) , 

\)l = -j={e^ + uj^eQ+u'^^ey), (A: = 1,2). 

Here t^5y, 1^75 generate the GS basis in V (5.29.1). 
The Killing form is 

(t,t^f_) = d-,,_,5('^^+^^'0) , {\)l\t') = <5('=^+'^^'°) . (8.31) 

In summary, under the Ai action eg is decomposed as 

66 = 00 + 01 + 02 , (8.32) 

where 

00 = g2 + F, F = {i°,+ , i°,_}, dimF = 16. 

The Ai-invariant subalgebra go is isomorphic to so(8) + 2 xl^. It is obtained from the eg extended 
Dynkin diagram (Fig. 7) by dropping out three vertices aoj oi and 05 . 
The subspaces 0i and 02 have the GS basis of the form 

01 = |ta,+ ! t^ ,- ; fl5 ^a2 ' %, (2,3,4) ' ^(2,3,4),! J ' (8.33) 

38 



02 — {ta,+ ) ^a- ) ^5 ' ^02 ' %, (2,3,4) ' t(2,3,4),l} ■ 

In correspondence with (|8.32|) we have 

78 = 30 + 24 + 24- 
The form of the dual basis (5.9.1), (5.15.1) folfows from i^TBh . (fOTT) 

< = ^lla;', ^'m = iS'' (^ = 1.2), (8.34) 

(T-fc _ .3-A; rrk _ .3-k fi. _ -i oA 

'^a,+ ~ -a,- ' -^a,- ~ ^-a,+ ' I'*' — -^) ^J ; 

i^^ = f)r^ {k = i,2). 

Lax operators and Hamiltonians 
Trivial bundles 

The moduh space of trivial G = Eq bundles is the quotient 

SJee/iWee X (TQiee) + ^(ee)) , 
where Weg is defined in ()8.8p It means in particular that u G Sj^e is defined up to the shifts 

u~u + T7i + 72, 7i,2eQ(e6). (8.35) 

where ^(ee) is (|8T2]l . 

The moduli space of trivial G"*^ = Eq/ ^^ bundles is the quotient 

i^e6/(W^ee X (rP(e6) + ^(ee))) . 

It means that 

u~u + r7i + 72, 7i,2G-P(e6), (8.36) 

and P(e6) is (fSlB . 

For trivial bundles the Lax operator takes the form 

Ll^{z) = lZ%^ + J2^v, + 5o,,£;i(z))e, + (8.37) 

8 ^ ^ 

5^(sf',+,/.((u,tz7^) + ^(^5 - uj),z)E^^^ + S^^_(l)i{u,w^) + ^K - n5),z)Ef,_ + 

5^+0((u,IJ7f ) + -=(U5 - ^6),2)<+ + 5^_0((u,IJ7f ) + -=(n6 - U5),^)<- + 

•S'^+'A((u,tz7^) + ^{ue- uj),z)El^ + 5^_0((u,n7^) + — (uy - ue),z)El_ 

After symplectic reduction with respect to the action of the Cartan subgroup we come to 
integrable Eq hierarchy with two types of moduli space (j8.35p , (j8.36p . The quadratic Hamiltonian 
is 

Hg"" = Hgf,^ + ^ E^l + J2{s^,+S'la,-E2{{^,^^) + 4(^5 - ^6)) (8.38) 

i=5 a=l ^ 

5«+5«,,_£;2((u,tx7f ) + i=(n5 - uq)) + 5,^+5r,,_i?2((u,tur) + -^(ne - uj))) . 
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Nontrivial bundles 

The moduli space. 
Now u = u G S){g2) 

u = uiei + U2e2 + ^363 , ui = U2 + U3. (8.39) 

More exactly, u belongs to fundamental domains with respect to action of afiine Weyl group 
corresponding to g2- The Weyl group Wg^ is isomorphic to the dihedral group of order 12 with 
two generators 

{ui,U2,U3) -> (Ui, 143,^2), 

ui\ ^ / 2 1 -2 \ / m 
W2 ^ TT 12 2 na 

U3 J -^ \-2 2 -1 J \U3 

The invariant root sublattice Q^ = Q^(g2) coincides with P^ = -P^(g2)- From (|8.22p we 
find 

Q^(g2) = {"1261 + (3m3 - 1712)62 + (2m2 - 3m3)e3 | m2, 1713 e Z} . 

Then the moduli space of nontrivial Eq bundle is defined as 

^(g2)/(H^g. X (TQ^(g2) + Q''(g2))) . (8.40) 

In other words 

Ul ~ Ui + T?n,2 + 1712 ) "^2 ~ ^2 + ''"(3m3 — 7712) + 3771,3 — ?T1,2 , 
U3 ^ U3 + r(2?Ti2 — 37713) + 2777,2 ~ 37773 , 7172,3 £ ^ • 

The Lax operators 

According with (lO^ll L{z) = Lo{z) + L'q{z) + Li(z) + L2(z). Here Lo{z) = L^^\z). Let 
V = (7'i,7'25'y3) (t"! = 7^2 + V3) be the Poisson dual vector to u (|8.39|) . Following to (|8.24p and 
table 5 we find 

3 

^g2'''(^) = iZ^'^1 + ^o,ii?i(^))ei + S\2^{^{ui -U2 + 2u3),z)El2 + Sl^4>{\{-ui + U2 - 2U3), z)E^2i 

+>923'/'(^(^2-n3),z)i?2°3+^32'/'(^(^3-^2),^)i?3°2+5?6</'(^(«l+^3),^)<+56^<^(^(-^l-^3),^)< 
+^?7</'(^(^l + U2),z)E°^j + S?i,^(^(-77i - U2),z)E°j^ + S?4,^(^(2lXi + 712 + W3),^X 

+S2,cl){^{-2u,-U2-U3),z)El, + S°,3cj){^iui + 2u2-U3),z)E^,^ + Sl,cPi^{-ui-2u2 + U3),z)El,. 
Define V3^ (6.14.1) 

99^(1!, Z)=e ((Kee , /?)2) 0((U + KeeT, ^) + /c/3, z) , {k = 0, 1, 2) , 

where /3 = a^-fc and (Kee)/?) (|8.18|) . or /3 = afl|_„_|_) and (Ke6,/3) (!8.19|) . 
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Then following (6.15.1) and (6.17.1) we find 

' \ (-a,-) {a, + ) / 

a=l 

and for k = 1,2 

4 

Lk{z) = Sl-'^{k/3, z)\^l+Sl-'<p{k/3, z)t, + Yl (Ci^'^'i,™ (-^' ^)<m+S!:J:^'a^^, (-U, ^)t,l)+ 



m=2 



^(^i-.^v^^. (-a, z)<+ + 5^,;vv''^ (-u,^)<_). 

a=l 

After the symplectic reduction we come to the integrable system with quadratic Hamiltonian 
Fee = H^:^^ + H'q + Hi, where H'^ is defined by \iT{L'§), Hi by tr(LiL2), and 



^gT = ^ E ^i - 35?2S2°ii?2(^(ni - ^2 + 2^3)) - SIAE2{\{u2 - us)) 



-S^iXiMliui + ns)) - S^i,S^jiE2i^{ui + U2)) - 3S^i^S2iE2i^i2ui +U2 + ug)) 

-3S'isSlE2{^{ui + 2u2-U3)), 

8 

a=l 

4 
-i^l = (S'gS'l + 2Sl^Sl^)E2{l/3) + 2^ (5'm,l'S'i,m + Sl^^S'^i)E2{ui - Um) + 



m=2 



a=l 



(5^ _5'^a,+ + 5'^,+5'^a -)^2(roa , u) 



9 E. 



Roots and weights 

The Cartan subalgebra can be identified with the space S)er = {u G C }. The root system 
i?(e7) is related to the root system R{eG) (|8.3p as follows 

R{er) = R{ee) U ±{V2ei+4 , i = 1,2,3) (9.1) 

U(P^ ±^ie5 + ee)) U (P^ ± -^(eg + e-j)) U (P^ ± ^(^5 + ey)) = 

-^(ee) U {a+^4 , a„'^ , a„ ;^ , a„;^} , (a = 1, . . . , 8 , i = 1, 2, 3) 

(compare with (USD). Then tJ(P(e7)) = 72 + 6 + 3 x 16 = 126 and dim 67 = ranke7 + tl(i?(e7)) = 
133. 
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The basis of simple roots can be chosen as 

ai = |(e4 -63-62 



n 



73^ 



ei) + 775(^5 

"2 = 63 - 64 , 
"3 = 62 - 63 , 
a4 = 61 — 62 , 
"5 = -ei + :^(66 -67), 

ae = 64 + 63 , 

aj = v267 . 



66 J 



(9.2) 



The subsystem of simple roots 



Ui = {ai, z = 1,...6} = n(e6) 



(9.3) 



is a system of simple roots of subalgebra eg. It follows from ()9.ip that the positive roots, 
corresponding to 11 is 

R+{e7) = R+{ee)U{V2ei+^, i = 1,2,3) 

U(P^ + 7f (^5 + ee)) U (P^ + -^(66 + 67)) U (P^ + ^(^5 + 67)) 

Then the root lattice takes the form 

11 1 

Q(e7) = Q(e6) + ^^267 + Z{-ei + -=(e6 + 67)) + Z(-(6i - 62 - 63 - 64) + ^(65 + 65)) . (9.4) 

The simple roots ()9.2|) define the fundamental Weyl chamber C = {u G i^ | (u, a) > , a G 
n(er)}. 

The minimal root is 

ao = — v265 = — (2ai + 802 + 4a3 + 3a4 + 205 + 2a6 + 07) . (9.5) 

The root system Re.^ is self-dual and the corresponding Dynkin diagram is simply-laced. 
The half-sum of the positive roots per = 3ei + 2e2 + 63 + -t (1765 + 966 + 67) can be expressed 
in terms of roots of subalgebras eg or £4 (see below) 

9 15 

Per = Pee + ^(^5 + 65 + 67) = Pf^ + -(36i + 62 + 63 - 64) + ^-/|(e5 " 67) , 

where pf^ = j{9, 7,3, 1, yy^-,0, —iry^)- The Coxeter number is equal to h = 18. Then 



— K/4 + ^(3ei + 62 + 63 - 64) + ^w|(e5 - 67) , (Kf4 = t^PUj 



1 
18' 



72 
We define the fundamental weights dual to IT (|9.2p 

roi = v265 = 2ai + 3a2 + 4a3 + 804 + 205 + 2a6 + 07 , 

^2 = ^(61 + 62 + 63 - 64) + ^(565 - 66 - 467) 

= |(4ai + 802 + 12a3 + 9a4 + 605 + 7a6 + 807) , 

^3 = ei + 62 + \/2(65 - 67) = 3ai + 602 + 803 + 604 + Aa^ + 4q:6 + 207 , 

ro4 = ei + ^(465 + 66 - 567) = 4qi + 802 + 12a3 + 9a4 + 605 + Gae + 807 

tz75 = \/2(65 + 65) = ^(6ai + 12a2 + 1803 + 15q4 + lOas + 9a6 + 5Q7) , 

^6 = f (ei + 62 + 63 + 64) + -^(65 - 67) 

= 2ai + 4a2 + 6as + 5a4 + 4a5 + 3a6 + 207 , 



(9.6) 



(9.7) 



■077 



V2 



^65 + 66 + 67) = i(2ai + 4a2 + 603 + 5a4 + 4a5 + 3a6 + 807 
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It follows from ([9771) that 

P(e7) = Q{er) + TLw-j . 

and the factor-group P{<s.';')IQ{<s.'j) is isomorphic /i2- 

The minimal root (j9.5|) defines the vertices of the fundamental alcove 
Caic = (0, \'W\^ 1^2, |tU3, |ci74, ^zus, itue,^?)- Then roy generates Ay 

|(ei +62 + 63 -64), 
2(61 +62 -63 + 64), 

|(ei -62 + 63 + 64), 

2(-6i +62 + 63 + 64), 

-ey, 

-66, 
-65. 



ai -> 05 , 






ei 


02 -^ 04 , 






62 


"3 -^ "3 ! 






63 


04 -^ Q2 , 






64 


as -^ ai , 


es 

66 


ae -^ "6 , 


ay -^ ao , 




ey 


ao -^ ay , 





(9.8) 



(9.9) 




ao oi 



Fig.8 E^y, Ay 



Chevalley basis 

The Lie algebra er can be defined in terms of eg and its representations 

e7 = e6©X, X = 27e27©l. 



(9.10) 



Here 27 and 27 are two fundamental representations of eg corresponding to the weights w\ and 
ti75 (|8.13p . The scalar 1 corresponds to the generator (65 + 65 + 6y) in the Cartan subalgebra 
.Qer- It allows us to use in i3(e7) the unrestricted canonical basis e^-, j = 1, . . . , 7. It follows from 
(j9.1|) that the rest generators correspond to new 54 root subspaces. Similarly to (|8.19p they are 

<:)=(-a±75(^5 + ey)) 



a 



a|^'+) = (t^r±^(e6 + ey)) 






a,± 



1,...,^ 
1,...,^ 
1,...,^ 

5,6,7. 



(9.11) 



J _,_ and -E'j,+. 



The positive root subspaces are E^^ \ 

The new generators are orthogonal to the eg generators and (see (A. 25. 1)) 



iKX^K- 






A,B 

Sjk- 



L,R,V., 



(9.12) 
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GS basis 

Since Ay = 1, 

67 = 00 ©01, 00=00 + ^- (9.13) 

It follows from ()9.10p and Fig. 8 that 0o ~ ee + i We will prove that 0o = f4- 

The root subsystem IIi that does not contain an orbit of A passing through ag is Ilee (|9.3p . 
It follows from (j9.9|) that the A7-action on Ileg takes the form 



r ai 


-^ 


"5, 


02 


— > 


"4, 


"3 


— > 


"3, 


04 


— ^ 


02, 


05 


— ;> 


ai, 


I OifS 


— > 


"6, 



The set of orbits in 11^ = Hi is 

frV ttV / /~V ~V ~V I ~V i\ 

li = li^ //i2 = I «! = Ct6 ) Q^2 = CK3 ) 0^3 = «2 + 04 , 04 = Oi + 05 1 = 

= (^64 + 63 , 62 - 63 , ei - 62 + 63 - 64 , -(64 - 63 - 62 - 3ei) + —r={e^ - 67)j . (9.14) 

It is the coroot basis in the invariant subalgebra S^q. The dual root system 

ai = 63 + 64 , 02 = 62 - 63 , 03 = -(61 - 62 + 63 - 64) , (9.15) 

"4 = T(-3ei - 62 - 63 + 64) + T-/^(e5 - 67) . 
defines simple roots of type £4. Then S^q = io(f4). 

GS basis in gq subalgebra 

Under the A7-action eg is decomposed as 

e6 = f4©26, (9.16) 

where 26 is a fundamental representation of £4. In terms of (j9.13|) 0o = f4 and 26 C fli . 
Let us describe (|9.16p in terms of the familiar decomposition 



e6 = so(8)e J = 28e50 (9.17) 

taking into account the A7-action. 

GS basis in so(8)-component. 

The so(8) subalgebra is generated by the simple roots (02, 03, 04, a%). The A7 invariant subsys- 
tem (ai,a2,a3) (|9.15p forms S3 root subsystem. It implies that 

so(8) = so(7)©7, 28 = 21 ©7, (9.18) 

A7(so(7)) = so(7) , A7(7) = -7, 

where 7, is the fundamental representations of so(7). 

The 24 root subspaces of so(8) contains 18 root subspaces of so(7). Then according with 
the definition of so(8) root subspaces ()8.18p we define the GS-basis in so(8). 
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so(7) 




-^12 — -^12 + -E'34 

-^13 = -^13 + -E'24 

-^15 = -^15 + -5^26 

-^23 = -^23 , E'l^ = Eli , 

-^35 = -^35 , E^5 = -^25 

Eie — EiQ , £17 = £17 


^12 = 72*^^12 --E34) 
^13 = 73(^13 - -E'24) 
^15 = 73(^15 - E2&) 

t],i, i = 2,3,5 



Table 2. GS basis in so(8). 

The left column represents 9 positive root subspaces of so(7), and the right column represents 
the root subspaces and a Cartan element in 7. The so(8) roots that parameterized the GS-basis 
are 



ai2 
ai3 
ai5 



(ei - €2} 
(ei - 63) 
(ei + 64) 



i 



n2 ' 
1 
13 ' 

'15 ' 



-ai2 

-"13 
-"15 



(62 - ei) -: 
(63 - ei) -; 
(-ei - 64) 



'■21 ' 

a 

^31 ' 



(9.19) 



Consider the embedding of i3(so(7)) in i5(so(8)). Remember that the basis in io(so(7)) is 



(a^ , k = 1,2,3). In addition we have the anti-invariant generator 



^l 



Q-2 



7!^"^ 



04) = ^(-ei +62 + 63 



64 



(9.20) 



io(so(8))=io(so(7))eCf)i^. 



In this way we have defined the Ay-action on so(8) component in (j9.17p . In correspondence with 
()9.16p we have 

so(7) Cf4, 7C26. 



GS basis in ^/-component 

Now consider the A-action on the space J ()9.17p . It is represented by 48 root subspaces ()8.3 
and two elements from ^{gq). Let us define the latter generators. They are 



f)a, 



71^"^ 



"sj 



T2^V'' 



1 , 

62 - 63 + 64) + ^(65 - 266 + 67, 



(9.21) 



and the already defined invariant generator (xl = 204 ()9.15p that completes i3(so(7)) to ^{^4) 
The Ay-action on the the root subspaces takes the form 



Av 



P^± 



Ue^-e^))^{P^±Me^-e^)), 



V2 



V2' 



(P^ ± :3=(65 - 67)) O (P^ ± 3=(65 - 67)) . 



V2 



V2' 



Since Ay : m^ — ;■ —w^ = m^, all roots P^ ± 4=(65 — 67) are fixed under the A7-action, except 
{w^ = ^(61 — 62 — 63 + 64)) ± 4=(65 — 67). Then from the A7 action on the Chevalley basis in 
ee ()8.19p we obtain generators of the GS basis 



ia:± = j=2^E^,± + i-^)'El±), 



,L,k 



-^(Ei:^^ + (-i)''E, 



V2 



8,±J ' 



,L,0 



Ea,±, 



A; = 0,1, 
A; = 0, 1, 

0/4,8. 



(9.22) 
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The //2-gi'adation J = Jq® J\ takes the form 

Jo = {^^tS = ^a«± , a = 1, . . . , 8 , V2t^;° = i?^^^ , a / 4, 8 , ^21^;° = E^l^ , q^ , 

(9.23) 
Ji = {tS, a = l,...,8, t^;l, t)ij, (9.24) 

dim Jo = 31 , dim Ji = 19 . 

Here E-ji are invariant root subspaces constructed from the root subspaces of ee ()8.19p . FinaUy, 

a, it 

by comparing ()9.16p and (|9.17p we come to the decompositions 

f4 = so(7)eJo, (52 = 21 + 31), (9.25) 

26 = Ji©7, (26 = 19 + 7), (9.26) 

where 7 is represented by the right column in Table 2. 

Chevalley basis in £4 

In what fohows we need the Chevalley basis in £4 (|9.25p in terms of the Chevalley basis in eg. 
We pass to the canonical basis in ^^(£4). From ()9.14p we find 

io(£4) = {u = u\e\ + ^262 + ^363 + '^464 + ^^565 - '"567} , (9.27) 

where 

ui — n2 — U3 + U4 = . (9.28) 

In other terms it can be written in the form (see (j9.25p ) 

^((£4) = i3(so(7)) © C(^(-3ei - 62 - 63 + 64) + -^(es - 67)) . (9.29) 

It follows from (fOHD . ([9:25]) that the £4 roots are 

i?(f4) = R{so{7)) U R{Jo) , (9.30) 

^+(^0) = {a^+ = ^(rof + tu^ + -^(65 - 67)) , a^,+ = ^{w^ + -^(65 - 67)) , (a / 4, 8) , } , 



04 , (191^ , ii+(so(7)) = laj , j = 1, 2, 3, ^J^ , 

1 1 1 

-(ei + 62 - 63 - 64) , -(61 + 62 + 63 + 64) , (61 - 64) , (62 + 64) , (61 + 63) , (61 + 62) > . 

The so(7) root subspaces are read of from Table 2, while the root subspaces in Jo are defined 
in ([9:23]) . 

On ^^(£4) with the basis Hq, = Oj , j = 1, ... ,4 (|9.14p the Killing form is defined by the £4 
Cartan matrix (A. 24. 1). On £(£4) the Killing form is is 

(-£^23' -^32) = (-^14,-^41) = (£^35, £^53) = (£25: -£^52) = (-£^16' -^61) = (-£^17' -^71) = 1' 

(i??2, E^u) = (E'ls, El,) = {El,, El) = 2 , (9.31) 

(tj°, tjf) = 26.,., , (tj'° , tj;'°) = 26a,-b . 
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GS basis in X 



Consider the A7-action on the subspace X in ()9.10p . 55 Chevalley generators in X ()9.1ip form 
the GS basis similarly to ()9.22p . Then we come to the GS basis 



,R,+,fc 



xiJ,- 



1 i-pR-,- 
1 i-pR,- 






V2 



, A; = 0,1, 

, A; = 0,1, 

, A; = 0,1, 

, A; = 0,1, 

, a/ 4, 8, A; = 0,1 



(9.32) 



''5,± 



= j=,{E^:t + {-ifE^, 

<+ = 72(^6,+ + (-l)'=i?6,-) A: = 0,1, 
^es = 75(65 + 66 + 67). 

The generators with A; = form the GS basis in V and with A; = 1 along with the GS basis in 
26 (|9.26p form basis in gi. 

Thus, we come to the following GS basis 



e7 = U®V®ei, (133 = 52 27 54), 

T/ _ SiR,+fi ii,+,0 /„ ^ /I o^ lL,+,o ,0 .0 1 
^ - \\± ' V+ 1 (a 7^4,8), t4_t 7t5_t,t6,+ j, 

r,_R,l ,L,1 ,i?,+,l ,L,+,1 /^ / /I o\ ,L,+,1 
01 = \ta,± ' M,± ' ta,± ' t„,+ ' (a 7^ 4,8) , l4^i , 

tij , tji , (j = 2, 3, 5) , t5 _|_ , ig__,_ , f)„^ , f)^2 ' ^65 J • 
The Killing form on the GS generators takes the form 

/,R,+,ki ,R,+,k2\ _ r ';ki+k2,0, mod(2) /,L,+,ki ,L,+,k2\ _ efci+A:2,0, mod(2) 

\^a,+ ' h- ) — "a-bO , 1,14 _|_ , t4 _|_ ) — , 

/,L,ki ,L,k2\ _ efci+fc2,0, mod(2) f,R,ki ,R,k2\ _ c rfci+fc2,0, mod(2) 

\H,± ' ^^4,^ I ~ " ' V'a,± ; ^6,=p ) — "a,-bO 7 

f,L,+,ki ,L,+,k2\ _ jr cki+k2,0, mod{2) (., / a q\ (+1 j.1 \ _ X , 

/"hi f,l "( — 1 fi^'^ i^'i \ — xki+k2,0, mod{2) /,fci ,^2 \ _ rfci+fc2,0, rnod{2) 

Wee ' Vee .I — -"^ ' 1^5,+ ' ^5,-^ ~ " ' '^'^6,+ ' ^6 -^ ~ ° 

It allows us to define the dual basis (5.9.1) 

-R, + ,k ,R, + ,k rrR, + ,k ,R, + ,k n-L, + ,k ,L, + ,k 



(9.33) 



(9.34) 



T 



^— a,— ' a,— 



-L,+,k 
^4,± 



^4,± 



-iJ.fc 



^-a,- 5 -^4,± 



^4,T 



''a,± 



t^'+4\ (a/ 4, 8), i3^, = f)^ 



£5 



^/3 



(es + 66 + 67) , 



(9.35) 



rrk 



Lk crk 



lk rrl 



1 



It follows from ()9.20p and ()9.2ip that the scalar product matrix aj^k = Cla o f)afe) fo'^ (j) A; = 1, 2) 
is the Cartan matrix A2. We need the inverse matrix to define the dual basis (5.15.1) 



•^ 3 V 1 2 



(9.36) 



47 



Thus, 

^i, = l^i, + l^i, = ^(^5 - 2e6 + 67) , (9.37) 

^^2 = gf^il + ^^^2 = ^(-^1 + £2 - 63 - 64) + g (^5 " 266 + 67) • (9-38) 

The scalar product (^^ ,^aj.) is defined by A (|9.36p . while i^g^ is orthogonal to them. 

Lax operators and Hamiltonians 
Trivial bundles 

The moduli space of trivial G = E-j bundles is the quotient 

The moduli space of trivial G = E-j/ ^2 bundles is the quotient 

io(e7)/W^e. x(r(P(eT) + P(er)), 



where -P(e7) are defined by the basis (|9.8p . 

For trivial bundles Lax operator takes the form 

i^f.^'W = ^eT(^)+E E St:ict>{{v.,w^)±^{u,+uu).z)Et;i+Y, S,,^cP{±V2u,,z)E,,^. 

a=l A=L,R,V ^ i=5,6,7 

Here we have the correspondence L — t- (j = 5,7), i? — t- (j = 5,6), ^ — )■ (j = 6,7). In contrast 
with eg there is no restrictions X^fc=i ffc = X^fc=i ^^ ~ 0. 

The Hamiltonian after the symplectic reduction with respect to the 'H{er) action assumes 
the form 

Hg'' = Hg'' + Y. E S^;^St;^E2{{n,m^) + —{u,+Uk))+ E S,,+S,,^E2{V2u„z) . 

a=l A=L,R,V ^ i=5,6,7 

Nontrivial bundles 

The moduli space. 

The moduli space are described by elements u G io(f4) (j9.27p . The Weyl group VF(f4) is 
generated by reflections with respect the planes, orthogonal to simple roots ()9.15p . 

The coroot lattice (5^(f4) is generated by the simple coroots ()9.14p . The moduli space of 
nontrivial E-j bundles is defined as 

mA)i{w{u) X {tq\u) + Q\u))) . 

F4 Calogero-Moser system. 

Represent the Lax operator in the form (6.7.1) 

L(z) = Zo(z)+L'(z) + Li(z), 
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where Lq{z) = Lf (z). In defined below expression v = {vi,V2,vs,V4, v^) the momentum vector 
satisfies the same restriction as the vector u (j9.28p . It follows from (|9.25p it takes the form 

Lff{z) = Lgf^){z) + ^(-3(^1 + So,iEi{z))ei - {v2 + So,2Ei{z))e2 - [v^ + So,3Ei{z))e3 
+{V4 + 50,4^1 (z))e4) + ^71 ((^5 + So,5Eiiz))e5 - (v^ + 5o,5^i(z))e7)) + 

8 
+ Z^[Sa,+ n{^, -^a ) + 7/1^5, Z)i_a_ + S'_„ _(?!>(-(u, W^ ) - -J^Uf,, z)i^^^ 
a=\ 

S ^\4>{{^^'^\) + \/2ti5,z)t4'_ +S'4L0(-(u,n7|') - \/2u5,z)l4'^ + 






We find the corresponding quadratic Hamiltonian 






a^4 

The Lax operators and Hamiltonians 

Define as in the general case (6.14.1) the function 

(/J^(u, Z) = e ((Ker , /S)^) 0((Ker " u, /3) + A;/2, z) , (k = 0, 1) , 

where Kg^ (|9.6p and /3 G R{er) generating the GS basis. The following R{er) roots define GS 
generators ()9.33p 

/^ = {4ai) ' "(S ' "1^' =^^~ ^i ' (^' = 2' ^' ^) ' <1S^ ' (^-^^^ 

af,,±) , ag,±) dHUD , ± af), (j = 5, 6, 7) , ^M , } • 
Then following (6.15.1) and (6.17.1) from (j9.33p we find 



-^o(^) =l^S^y (^|^(i,+) (u, z)t_;,_^ + 2^ S^y (^^(^,+) (u, z)t_'^^^ + 

a=l ("'±) 07^4,8 ''''=^' 

ci,+,0 /- \,L,+,0 I cO /- ^J.0 I oO f~ \iO 

Si± V>(L.+) (U, Z)t4 ± + 55_±V9 (+) (U, Z)t5^^ + Sq^^IP (+-, (U, Z)t6,^ . 

"(4,±) (5) (6) 

Li{z) = [si^Sji^+Si^f)i^+Sli)l)<p{^,z) 
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ErtR.l 1 /- \,R,1 , cL,l 1 /- \>L,1 



a=l 



(a,±) "{4,±) 






Er.-R,+,l 1 /- \<R,+,l I Y^ c<i.+:l 1 r~ ^li,+,l , 

a=l (''■±' a^4,8 <"'±' 

i=2,3,4,5 

*(4,±) (5) -^"{6) 

where for Sj^^ and Sj^^ see (fOTD and (fOHD . 
For the Ej quadratic Hamiltonians we have 

Her = Hf^ + Hq + Hi , 

where Hq comes from 2{Lq) and Hi from 2(-^i)- To calculate the Hamiltonians we use ()9.34|) 
and (j9.36p for scalar products of the dual Cartan generators i^^ . . Then 

8 
a=l 07^4,8 

a=l 

a=l a^4,8 

+ E 4,4i^2((a(i,,), (i) + ^) + 54^++'i5i'+'ii5;2((aJ4;;)\ u) + ^) 

i=2,3,4,5 

+Sl^Sl_E2{{a[+\u) + i) + 56V4-^2((a[5\xi> + ^) , 
where u is defined by (fOTD . (|9:28]l . 
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